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Abstract 

A maximum entropy principle density matrix method, valid for systems with temperature different from zero, is presented 
making it possible to find two-mode squeezed slates in two-level systems with relevant operators and Hamiltonian connected 
with 0(3,2). A method which allows one to relate the appearance of squeezing to the relevant operators, included in order to 
define the density matrix of the system, is given. 

The two-level system is one of  the best known and most fruitful models  in several fields of  physics like quan- 
tum optics, magnetic resonance, quantum electronics and chaotic behavior  of  dynamical  systems. Recently, the 
dynamics and thermodynamics  for the two-level system have been studied showing how the dynamical  equations 
can be easily extended to the N-level system problem [ 1 ]. In the last ten years considerable at tention has been 
paid  to examine the possibil i ty of  generating two-mode squeezed states in a pair  of  coupled oscillators [2-9] .  As 
it is well known the problem of  squeezed states may find applicat ions in low-noise optical communicat ions  as 
well as in the gravitat ional-wave detect ion due to the fact that  squeezed states have manifestly nonclassical prop- 
erties. Nonzero  temperature  squeezed states have been recently introduced in systems with relevant operators 
and Hamil tonians  connected with SU ( 1,1 ) and isomorphics  [ 10-12 ]. 

The aim of  this Letter  is to describe a max imum entropy principle (MEP)  method to f ind two-mode squeezing, 
based on a densi ty matr ix  formalism [10], for the t ime-dependent  two-level systems. Our  main  results are: (i) 
to obtain the relevant operators necessary in order  to define the density operator  of  the system, which turns out 
to be isomorphic  to the two-oscillator representat ion of  0 ( 3 , 2 )  [13]; ( i i ) t o  f ind the evolution equations for 
these relevant operators  for the t ime-dependent  two-level systems; and (iii)  to obtain both zero and nonzero 
temperature  two-mode squeezed states for this quantal  system. The MEP formalism is based on the part icular  
form of  the density opera tor /7  [ 10]. F rom the knowledge of  the expectation values of, say, M operators (Sj 
(00 = [ = ident i ty  operator) ,  

(Oj) = Tr[D(t )O2] ,  j = O, I . . . . .  M ,  ( I )  
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the density operator is 

/~(t) = exp - 2 0 i -  22 , (2) 
j = l  

where the M + 1 Lagrange multipliers 2j, are determined to fulfill Eq. ( 1 ). The density operator/~ maximizes 
the entropy, S (/)), given (in units of the Boltzmann constant) by 

M 

S(/)) = -Tr [ / )  In f~] = 20] + E Aj(Oj). (3) 
j=l 

I f  we impose that the operator/) (t) obeys the Liouville equation and that the entropy be a constant of motion, it 
is found that the relevant operators entering Eq. (2) are those which close a semi-Lie algebra under commutation 
with the Hamiltonian/:/,  

q 

[ / S / ( t ) , O i ]  = i h E g j i ( t ) O j ,  (4) 
i=O 

where the gji are the elements (c-numbers) of a q × q matrix G (which may depend on time if/2/ is time 
dependent). The closure condition (Eq. (4)) on the Oj leads to the fact that the time-dependent Schrrdinger 
equation can be replaced by a set of coupled equations for the 2i, 

q 
d2t = E gtjAj. (5) 
dt 

j = 0  

The temporal evolution of the expectation values of the operators (Eq. (1)) can be obtained using Ehrenfest's 
theorem. Assuming that the O~ do not depend explicitly on time we find 

q 
d(Oi)t - Z gji(Oj)t, i = 1, 2, q. (6) 

d--t ~ " ' ' '  
j = 0  

Now, using this formalism we are going to study the main features of the two-mode squeezing for the time- 
dependent two-level system. 

The Hamiltonian which describes the problem reads 

/:/(t) = Ela~hl + E2t~t~2 + T(t)y(cq~J + t22(/~) (7) 

(h = 1 ), where y is the interaction energy, t~/* (~i) (boson operators) represent the creation (annihilation) of a 
particle in state i, and T( t )  is any function of time. As was said in Ref. [10], in order to properly describe the 
appearance of squeezing we must know not only the initial mean values of the position and momentum, but also 
their squares. In doing this, we find two sets of relevant operators (Eq. (4)) associated with the problem. They are 

Oj = q j  = ~' j , l (a~ -~- a j ) ,  ( 8 )  

02+j - /~ j  = iyj,2 (aJ - aj) ,  (9) 

and 

(~4+j ~ q2 = ~j2,1 ( a j a j  + + + 

= p j  = - Y j , 2 ( a j a j  - + 

(10) 

(11) 
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~)9 -----~ qlq2 = ~"1,1~2,1 (tT~a2t "at" d~a2 -[- a l a2  t -[-/~1¢~2), 

O10 ---~/~1/~2 = --Yl,2~'2,2 (a~a2 t - a~a2 - ¢21a~ -.[- a l a2  ), 

O,o+j- ½(qjPj + Pjqj) = iTj, lTj,2[(fi~) 2- (t}j)2], 
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(12) 

(13) 

(14) 

(15) 

(16) 

where j = 1,2 and 7j, I = ( 1/2Ej ) 1/2, 7j,2 = ( ½ Ej ) I]2. This second set is isomorphic to O (3,2) and is equivalent 
to Dirac's two-oscillator representation [13]. The structure constants of  the semi-Lie algebra can be obtained 
using Eq. (4). The g matrix can be divided in two nonzero blocks, related to the two sets introduced by Eqs. (8), 
(9) and (10)-(16) ,  

0 0 
0 0 

gl = El T7 
T7 E2 

and 

0 0 
0 0 
0 0 
0 0 
0 0 

g2 = 0 

E1 
0 

T? 
0 

- E l  - T 7  

- T7 - E 2  

J 0 0 
0 0 

(17) 

0 
0 
0 
0 
0 

0 0 
0 - E l  

E1 0 
0 0 

T? - T7 

0 0 0 - 2 E l  0 - 2 T 7  0 
0 0 0 0 -2E2 0 - 2 T 7  
0 0 0 2El 0 0 2T7 
0 0 0 0 2E2 2Ty 0 
0 0 0 - T y  - T 7  -E2 - E l  
0 0 0 T7 T7 E~ E2 
0 T7 - T 7  0 0 0 0 

-E2 T 7 - T 7  0 0 0 0 
- T7 E2 -E~  0 0 0 0 

0 E1 -E2 0 0 0 0 

(18) 

Now, using Eqs. (5), (6) we can write the evolution equations for the mean values of the relevant operators and 
the Lagrange multipliers. The temporal evolutions of  these variables can be easily obtained by solving the sets of 
first order differential equations (5), (6) for any given function T (t). From this point of view, we can say that 
the dynamical problem of this system is completely solved provided we are able to properly evaluate the initial 
mean values of  the relevant operators. 

Thus, in order to study the appearance of squeezing it is necessary to obtain the initial mean values given by Eq. 
( 1 ). As we are considering a set of  noncommuting relevant operators (Eqs. (8 ) -  ( 16 ) ), we need to diagonalize the 
logarithm of the density operator/3 before applying Eq. ( 1 ). This diagonalization is performed by generalizing a 
method developed in Ref. [ 10 ]. We will write the density matrix including the Hamiltonian as a relevant operator 
in order to derive a thermodynamical approach to the problem at hand. For simplicity we shall consider the 
system in resonance so that El = E2 = E [8]. The density operator, in terms of new creation and annihilation 
operators, reads 

( '± o,) ~(t)  = exp - 20] - f l / : / -  2j = exp{-20i  + fl[E([Tl[ 2 + 17212) + 4T(t)T[Tll[721 cos ~l cos ~¢2] 
j=l  

- pEo~ , (d[d ,  + ½) - flEw2(dt2d2 + ½)}, (19) 
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where dj, 

dl = 

6~ 2 
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j = 1 ,2 ,  are new annihilation operators defined as follows, 

1 + 091 (b~ b~)] ~---v~ [09, (bl - b2) + - , 

1 [09~(b~ + b2) + 092(b~ + b*2)t], 

(20) 

(21) 

(22) 

(23) 

(A)+ = ~j1/2 q_ (A);l/2, O) 7 = ~j1/2 __ O)71/2 

2 T ( t ) y  092 = 1 2 T ( t ) y  092 = 1 + - -  
E ' E ' 

so that the system can be decoupled [9], and the b), j = 1,2, are the two mode version of  the transformation 
introduced in Ref. [ 10 ], 

bJ = [coshrj[ exp(i~oj)a) + ]sinhrj[ exp(-iOj)[z j + [YJl e x p ( - i ~ j ) .  (24) 

Eqs. (20), (21) are valid if  and only if 09~ >t 0. This condition introduces an upper bound to the value of the 
interaction (i.e., 2 T ( t ) y  ~< E) .  This relation has been previously obtained in Ref. [ 14], and is necessary in order 
to deal with a properly defined density operator (i.e., normalizable and positive definite). The diagonalization 
of  the density operator (Eq. (19))  introduces some restrictions in the Lagrange multipliers dual space, which 
are the consequence of  the quantum statistical character of  the system under study [ 10 ]. It can be seen that the 
Lagrange multipliers {25 . . . . .  214} can be written in terms of  six parameters,  {rl, 01, ~01, r2, 02, ~02}, introduced by 
Eq. (24). They read 

4i'5 _ (C + )2 + (S~-)2 1, 4i'6 (C[)2 + (S 2 )2 1, 4~"7 E - --E-- = - --E--- = (S+)2 + (C~-)2 - 1, 

~t ~t ~t 
428 2 9 1 1 E - (S~)2 + ( 6 2 ) 2  1, - -  ..]- m C~-C?, /~1....oo + = S+S +, 

- Ty 2 T7 

~t ~! ~t ~t 
22,, _ S ? C ?  + S~-C?, 2212 S ~ C ~  + S 2 C 2 ,  ~13 _ S ~ C ?  /~14 _ C+S + 

E E - T~, ' Ty 2 ~ , (25) 

where S f  = [ sinh rj[ sin 0g + I cosh rg[ sin ~0j, C~ = [ cosh rjJ cos (0j + t sinh r j[ cos 0j, j = 1,2, and the ,~'i are 
2 dimensionless Lagrange multipliers (i.e., ~-5 = Y1,12s) divided by fl, which play the role of  intensive variables in 

a quantum thermodynamical  formalism [10]. The functions S f  and C f  verify a relation similar to that of  the 
hyperbolic functions, 

C+C] - - S + $ 7  = 1, j = 1,2. (26) 

The mean values of  the relevant operators can be evaluated using Eq. (1), where the operators and the density 
matrix must be written in terms of  dj and dJ, j = 1,2. The main results are 

Aq~ = ,Yj.II 2 ~ ( 0 9 i ( S + ) 2  nt" (C7)2)09i coth(½f109i), (27) 
i=1 

2 
A/~2 ~- ' J' ~"¢ 1)'22 ~-"~ ( ogi(Cj+ )2 -1- ( $ 7 ) 2 )  c ° t h ( ½ f 1 0 9 i ) ' 0 9 i  (28) 

i=l 

2 
Aqlq2 l ( C2C~09i ~ c°th(lf109i) '  (29) = ~ ' l , l ~ ) 2 , , Z  ( - -1 )  i 09iS?S~ .+ 

/ i=1 \ 
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A/~I/~ 2 I 2 ( S2S1) coth (½fltoi), (30) = :Yl,2Y2,2 E ( - I )  i toiC~C? ÷ toi 
i=l 

Aqj,j ~ --~j,1)~j,2l E2( to iS  + C + + S f  C f  ) (31) 

i=1 
2 

m~l~ 2 1 1)i+l ( $2C1) toi coth(½fltoi), (32) = ~)1,1)'2,2 E (-- toiS?C: -.[- 
i=1 

, = ( scc;to, : 
Aq2/~l = iY2,171,22~ (-I) i+i coiS~C + + coth(½fltoi), (33) 

i=I 

j = I, 2, where AOiO: = (OiOj) - (O;)(Oj). Eqs. (27), (28) are the dispersions of ~j and/~j, respectively. From 
these equations it can be seen that the system will be squeezed in ~j or/3j when 

1 2 ( ~  o)i(S:) 2 + ( C T ) 2 ) c o t h ( ½ f l t o i ) < l  (34) 
to, i=1 

l ~ - ~ ( c o i ( C +  )2 + ( $ 7 ) 2 )  c°th(½flto') < l ' t o ,  (35) 
i=1 

respectively. So, Eqs. (34), (35) define the conditions for the appearance of nonzero temperature two mode 
squeezed states. For the zero temperature case coth(½fltoi) = 1. This states, defined via Eq. (19), are some 
kind of nonzero temperature generalization of the two-mode Gaussian pure states described in Ref. [4]. If one 
introduces the two-dimensional covariance matrices S~, S~, and $~,  

S~ ( Aq21 Aqlq2 ) = "~2 , (36) 
k Aqlq2 Aq2 

S/~ = ( Ap~ AplP2 ) (37) 

=   p,q2 ' (38 )  

^ 2 2 where 0j are dimensionless operators (i.e., 05 = Os/y~,~, it can be shown that 8~8~ - S~ ½ [coth2(½/~tol) + 

coth 2 (½flto2) ]I. For zero temperature (i.e., fl = oo) this relation is equal to Eq. (3.2.1 la) of Ref. [4]. Therefore, 
our MEP density matrix in the zero-temperature limit has the same property that the two-mode Gaussian pure 
states. The case with 0~ = 0, 02 = 0, ~ = 0, and ~2 = 0 has the remarkable property that S f  = 0, j = 1,2. 
From Eqs. (32)-(34) it can be seen that for this special initial condition 8#~ = 0 (i.e., they are the states with 
minimum uncertainty product). It must be noticed that the states obtained in our work are different from the 
ones obtained in Ref. [4] because our density operator evolves following the Liouville equation (i.e., our states 
depend on the Hamiltonian of the system we are trying to describe). This can be seen from the fact that the mean 
values of the relevant operators and the Lagrange multipliers depend on to j, j = 1,2. We want to stress the fact 
that all these results are valid for any given temperature (i.e., mixture state) and for any T(t) .  

Now, we will show a particular case as an example. Let us consider the time-independent interaction T(t)  = 1. 
For this special case we obtain that 05 + O6 + Or + 0s and O9 + Om are constants of motion. The temporal 
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":2 =2 Fig. 1. Temporal evolution of the dispersions Aq I (dotted line), Apl (dashed line), and dimensionless uncertainty product 
(full line): (a) fl = o% r I = 0; (b) fl = o~, r I = 0.5; (c) fl = 1/E, rl = 0.5. For the three cases 7/E = 0.1, 01 = 0, 
~ l  = 0, r 2 ---- 0,  02 = 0,  ~02 ---- 0. 

behavior of  the mean values of  the relevant operators and the Lagrange multipliers are linear combinations of  
sines and cosines with frequencies 2E, 27, 2 (E + 7), and 2 (E - 7). The detailed solution, in terms of  the initial 
mean values of  the relevant operators will be published elsewhere. Some particular examples of  the temporal 

"~2 ~2 
evolution of  the dispersions Aq L, Ap I and dimensionless uncertainty product are shown in Fig. 1. We considered 
three different cases: (a) fl = ~ ,  rl = 0 ,  ( b )  f l  = cx~, r l  = 0 . 5 ,  ( c )  f l  = 1/E, rl = 0.5, and for the three cases 
7 / E  = 0 . 1 ,  01 = 0 ,  tPl = 0 ,  r2  - -  0 ,  02  = 0 ,  a n d  (02 : 0 .  F o r  z e r o  t e m p e r a t u r e  (i.e., fl = oc, cases (a ) ,  ( b ) )  
the system has squeezing notwithstanding the values of  the parameters. When r~ and (or) r2 are small (large) 
the squeezing is small (large) but the amount of  t ime the system is squeezed compared with the period is large 
(small) .  For nonzero temperature (case ( c ) )  the system has squeezing only if rl or r2 are large enough so as to 
fulfill Eqs. (34) ,  (35) .  

Summarizing, we have presented a formalism which allows to study the appearance of  squeezing for time- 
dependent two-level systems. We obtained the relevant operators related with the problem at hand and found 
their dynamical evolution equations. It was possible to diagonalize the density operator and evaluate the initial 
mean values of  these relevant operators. This allows us to analyze squeezing in terms of  six parameters, letting 
us work with a properly defined quantum statistical density operator. Finally, the t ime independent case was 
considered, showing the possibility of  obtaining two-mode squeezed states for zero and nonzero temperature. 
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