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Delay induced double explosive transition in a swarmalator system
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Synchronization and aggregation are important phenomena in the world, and many systems exhibit them.
The swarmalator system is a good example, arousing interest from many scientists recently. Despite its rising
interest, many do not consider delay of any form. Knowing that delay makes the system more realistic, surely
containing rich dynamics, we use a delay term in the internal phase dynamics. Spanning through the various
parameters and domains of this model, with the order parameter in its local and complex form, shows very
interesting dynamics like the boiling chimera state in various domains and the ring static sync, which are primer
discoveries in the field of delayed swarmalators. Also, the existence of phase delay helps us highlight a double
explosive transition—first from synchronous to asynchronous and, secondly, from asynchronous to synchronous
states, which have been used to understand some brain diseases. In this study, we lay down an additional base to
the understanding of delay where environmental factors account for it, and so, we pave the way for more studies
considering the reality of the environment on mathematical models.

DOI: 10.1103/hhzm-zfxt

I. INTRODUCTION

The study and understanding of collective behavior con-
tinue to attract the attention of scientists since the behaviors
observed in such studies have applications in many areas of
life [1–3] such as the flight of birds [4], spermatozoa dynamics
[5], schools of fish [6] or even the movement of sheep [7].
The study of collective movements, in general, is an important
asset for understanding and reproducing living phenomena on
an industrial scale.

To achieve this, several models have been developed to
explain certain natural behaviors. However, among the models
proposed over the centuries, the focus has been on sys-
tems that can highlight synchronized states, clusters, chimera
states, and more while remaining static in a given space. This
type of system, known as an oscillator [8,9], quickly showed
its limitations when it came to understanding the movements
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of living entities capable of moving in space. To overcome
this, the modeling of mobile oscillator systems as proposed
by Vicsek et al. [10] and later by Sun et al. [11] has made it
possible to highlight aggregation. To establish a link between
synchronization (temporal self-organization) and aggregation
(spatial self-organization), O’Keeffe et al. [12] defined a
model of systems which they called swarmalator, in which the
internal dynamics of an entity influences that of the external.
Based on their model, several investigations have been carried
out that have led to better understanding of the dynamics
of mobile systems and are still sources of questioning and
investigation, both for pairwise interaction [12–18] as well
as higher-order interactions [19] whose applications can be
found in the field of robotics [20–23] and in small organisms
such as tree frogs that understand synchronization in their
vocal rhythms [24].

Synchronization in this field is a recurrent word and in-
volves two main types of transitions, which are first- and
second-order phase transitions to synchronization. Rosenblum
et al. [25] investigated the behavior of a system of identical
oscillators that were coupled through a small number of links,
and their discovery suggested that a critical phenomenon
could occur. However, the first-order or explosive synchro-
nization was highlighted by Gómez-Gardeñes et al. [26]
providing explanations for microscopic critical phenomena.
They found that the oscillators could suddenly synchronize,
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even when the coupling strength was weak. Explosive syn-
chronization is a phenomenon that has been observed in
various configurations in dynamical systems [11,27–29].

Again, exploring the dynamics of a multiplex of Kuramoto
systems, Wu et al. [30] showed the existence of a double
explosive transition from a synchronous to an asynchronous
state and vice versa, like that of Hong [31] who investigated
the behavior of a system of coupled Kuramoto oscillators un-
der attractive and repulsive forces. They found that this system
could exhibit explosive synchronization when the coupling
strength was sufficiently strong. This phase transition occurs
when a group of oscillators that are initially out of phase
suddenly synchronize, and this is often due to a change in the
state of the system due to some of its parameters. More light
was shed on explosive synchronization in collective motion
studies, when it was discovered by a team of scientists work-
ing on a multiplex of systems of swarmalators under the effect
of interlayer attractive and repulsive coupling [17]. Recently,
it was also shown that even higher-order interactions can give
way to abrupt transitions in swarmalator systems [19].

For a system of interacting elements, the environment in
which they are found can affect the way they interact, more
specifically, their synchronization and aggregation. To cater
for this, scientists usually introduce the notion of delay, which
makes the system one step closer to reality and, in the same
line, the observable outcomes [11,32–34]. Recently, Blum
et al. [32] introduced delay in a system of swarmalators (self-
propelling particles that interact with each other through a
combination of attractive and repulsive forces), and this was
mainly on the internal phase dynamics, thus giving birth to ad-
ditional dynamics. They limited themselves to the active phase
wave domain and to the characterization of these dynamics.

In this paper, we will explore the concept of phase tran-
sitions in delayed swarmalators and its potential applications
in various fields crossing over through dynamics observed in
other domains than the active phase wave domain. We observe
that there is a recurring first-order phase transition upon vary-
ing the coupling strength and some additional dynamics like
the concentric cluster, static sync, and a chimeralike state orig-
inating from the boiling state (BS) discovered by Blum et al.
[32]. These studies suggest that explosive synchronization is a
phenomenon that can occur in a wide range of self-organizing
systems, including swarmalators. The ability of these systems
to suddenly synchronize in response to small perturbations has
important implications for the development of technologies,
including robotics and autonomous vehicles.

This paper is made up of four sections structured as fol-
lows. In Sec. II, we present the model of our study and
the various parameters of interest. We also list the various
analytical tools of importance to our study. In Sec. III, we
bring in the comparison between synchronization transitions
in the absence of delay and in its presence in all these under
numerical solutions. In Sec. IV, we present brief conclusions.
To support some results, we have provided movies in [35] and
figures in the Supplemental Material [36].

II. DELAY MODEL

In this model, the swarmalator is represented by two parts:
an agent, whose spatial dynamics is described by Xk , and an

internal oscillator described by a phase θk . These two elements
interact as introduced in the model proposed in Refs. [12,13].
By considering the delay in the internal dynamics, the study
model can be written as follows [32]:

Ẋk = vk + 1

N

N∑
j �=k

{
Xjk

‖Xjk‖ [A + J cos(θ jτ − θk )]

−B
Xjk

‖Xjk‖2

}
, (1)

θ̇k = wk + K

N

N∑
j �=k

sin(θ jτ − θk )

‖Xjk‖ , (2)

for j = 1, . . . , N , where N represents the population size,
Xk = (x1k, x2k ) is the position, and θk is the internal phase of
the kth swarmalator. Here, vk is the natural velocity, which
is also the spatial velocity of each swarmalator at the onset
of the study, and ωk is the corresponding natural frequency
of each oscillator. In Eqs. (1) and (2), A and B are constant
(A = B = 1), where A ensures the particles do not dissipate
forever, while B ensures that the swarmalators do not aggre-
gate into a single point, and there is no delay in the space
variable. Here, θ jτ is the contracted form of θ j (t − τ ) and θ j

that of θ j (t ). This is the same for Xk , which is the contracted
form of Xk (t ). Here, Xjk is equivalent to Xk − Xj .

The system in Eqs. (1) and (2) is governed by three main
parameters which are J, K, and τ . Here, K is a constant which,
when multiplied by 1/||Xjk|| = 1/||Xk − Xj ||, represents the
phase coupling strength between the phases of the internal
dynamics.

The interaction between the space and the phase dy-
namics is modulated by the term A + J cos(θ jτ − θk ). Here,
J (∈ [−1, 1]) is the coefficient that enables, depending on
its value, whether there can be attraction or repulsion be-
tween entities by being positive or negative. For simplicity,
we choose identical swarmalators vk = v and ωk = ω, and for
this system, we take v and ω equal to zero. A particle at time
t responds to the phase of another particle j at time t − τ .

Five main spatial configurations were initially found as a
function of the pair (J, K ) [12,14] in the absence of delay.
Many other patterns have been observed upon trying to show
the influence of the coupling parameter on the aggregation and
synchronization of swarmalators. Kongni et al. [17] showed
the appearance of two additional states before synchronization
occurs. Jiménez-Morales [37] and Sar et al. [14] studied the
competitive behavior between the positive and negative values
of the phase coupling, showing that this system can have a dy-
namically synchronized or asynchronous state and many other
configurations due to the form of the repulsive interaction
term. According to this description, the authors showed that
we can have mixed patterns, clusters, and synchronization.

In this study, we will consider coupled identical swarmala-
tors with a delay in their internal phase dynamics. In this
paper, we work in various domains of the (J, K, τ ) space,
mainly pointing out what the outcome in terms of synchro-
nization during phase transitions will be.

Investigating various phase transitions to synchronization
in our network will be done in part with the order parameter.
For the case of this study, two main order parameters will
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be used—one which deals with the internal phase dynamics
only (it helps to determine the value of the critical value or
minimum value beyond which phase synchronization occurs)
and another which helps to bring out the correlation between
the internal phase and spatial space dynamics, usually called
the complex order parameter S [12,13,21,31,37]. The order
parameter used by Kuramoto is defined as [8,9] R exp(p�) =
1
N

∑N
k=1 exp(pθk ), where � is the average of the phase of

all elements in the network, and p = ±√−1 is an imaginary
number. We should take note here that, when the jth and kth
particles are synchronized in phase, then the norm R is closer
to 1. In the case R < 1, there is no phase synchronization.

To measure the correlation between the spatial angle φ and
the internal phase dynamics θ of the swarmalators, we define
the complex order parameter S as follows: S± exp(p�±) =
1
N

∑N
i=1 exp[p(φi ± θi )], where S is the maximum value be-

tween S+ and S−. It will imply S = max(S+, S−) is the
complex order parameter, and from its analysis, if S = 1, there
is total correlation between the spatial phase φ and the internal
phase θ of elements in the network, while if S ≈ 0, it indicates
a lack of correlation. To appreciate and differentiate between
the static and active states, we use the mean speed [12,14,17]
V = 1

N

∑N
i=1

√
(ẋ2

1i + ẋ2
2i ) [12,14,17].

Coupled to this, we sort the phases in groups, which permit
supplementing the undecided zones upon which the order
parameters alone could not shed enough light. Unlike other
works using the Kuramoto order parameter or the velocity
[16,17,32], in this study, we show the limits of these order
parameters since differentiating zones of clusters and com-
plete phase synchronization here is difficult with these order
parameters.

III. NUMERICAL RESULTS

We consider a system of N = 50 identical swarmalators.
For the numerical integration, the Runge-Kutta fourth-order
algorithm was used with a time step dt = 0.05, a transient
time tmin = 80% of the final time, such that the total number of
iterations is usually 2.104, and time 4000 units. Unless the in-
fluence of time is desired to extend beyond, we remain within
this time unit. The spatial initial conditions were uniformly
distributed between [−1; 1] and the phase within [−π ; π ].

A. Delayed states

As far as systems of swarmalators are concerned, several
dynamics arise when their agents interact. Some of these
observed dynamics in the absence of delay include static sync
(SS), static async (SA), static phase wave (SPW), splintered
phase wave (SpPW), active phase wave (APW), static π (SPI),
and the static wing phase wave (SWPW) [12,13,15,17,32,38],
and when delay exists, the BS and the pseudochristaline state
[quasistatic state (QSS)] [32] have been mentioned. In this
work, we will span three main domains of the J-K space,
which include the SA, SPW, and SpPW domains, in the pres-
ence of delay. The APW domain was studied by Blum et al.
[32] with no direct emphasis on the transition to synchro-
nization. The SPW domain seems to be invariant under the

FIG. 1. Spatial pattern formation for N = 50 swarmalator dy-
namics with chosen values in the (J, K,τ ) space as the delay increases
as (ai− > bi− > ci) [12,13]. Here, (a1) is plotted with (J, K, τ ) =
(0.1, −1, 0) for the SA phase and (a2) with (J, K, τ ) = (1, −0.1, 0)
for SpPW. Notice that, for the first set of parameters corresponding to
the SA phase, while increasing the delay [τ = 5, at (b1)], the system
undergoes the transition SA → RSS → SS. For the second set of
parameters starting at the SpPW, the system remains at the same
phase for (a2) → (b2). Then it transitions to a form of a fast BS [at
(c2) for τ = 50] since the external elements form a group of moving
elements that enclose a static region (see Movies 1–3 in [35]).

effect of delay since its dynamics remains unchanged. In the
following, we show additional collective states with delay.

In Figs. 1(a1) and 1(a2) (first row), we present two pre-
viously known phases SA (column 1) and SpPW (column
2) without delay [5,12–15,32,38]. The second and third rows
represent them with delay, where there appears a new phase
which will be described shortly [Fig. 1(b1)]. The spatial rep-
resentation of the swarmalators is shown, while the colors
indicate the internal phase dynamics. Figures 1(c1) and 1(c2)
in the third row represent scatter plots for strong enough
delay with a value of 50. The time evolution of a snapshot
of Fig. 1(c2) is seen in Movie 3 in [35]. The triplets values
(J, K, τ ) on this graph are selected to facilitate the com-
parison between calculations with and without delay. This
figure shows that there are transitions to different states in
various domains upon increasing the delay strength. By ob-
serving the first column, Figs. 1(a1), 1(b1), and 1(c1), there is
a significant change in the static async state when low delay
is introduced, as seen in Fig. 1(b1)), forming ring clustered
structures, and similar to Fig. 1(c1), forming a static sync
structure. It has been shown by Blum et al. [32] that the APW
contains the BS when low delay values are introduced just
above a defined transitional value of delay for a given set of
parameters like J, K, τ , and N . In our case, different regions
of the parameter space produce different collective states. The
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time evolution of Fig. 1(b1) with low delay can be observed
in Movies 1 and 2 in [35].

For the SPW, not shown here, where K = 0, there is no
observable change, be it in weak or strong delay, with the
tools at hand. Particularly, the fact that K has a value of
zero surely reduces the influence of τ , and hence, the state
is seemingly unchanged. We can therefore observe here that,
for a weak delay (τ = 5), a system in SA tends to phase
synchronize, forming clusters, while one in the SpPW seems
to be unchanged under low delay. As observed in Figs. 1(a1),
1(b2), and 1(c2), these states suggest there is a transitional
value of delay, to be determined, for which there is a transition
from the SpPW observed in zero and weak delay to the BS.

Ring static sync (RSS). When delay is introduced in the
SA state, we obtain a new state which we call the ring static
sync (RSS), Fig. 1(b1). An appearance in the literature of a
similar state for a different model is that of Hindes et al.
[39]. Ring states or ring waves were also reported in Refs.
[15,37] where a ring wave is a mixture of many phases. This
state is similar (having rings) but different from our case,
where each ring has a single phase value, and the phase
difference between consecutive rings is close to 2π . We call
this state RSS because it forms clustered rings, and it appears
to be static; its velocity is very close to zero. It arises when
delay is introduced in a no-delay SA state, and the elements
are seen to reorganize into clusters when delay reaches a
certain value.

Boiling state (BS). As discovered by Blum et al. [32], this
state was encountered in a delayed swarmalator system in
the APW domain [32]. Its characteristic features are its static
internal elements and its boiling external agents, showing
clearly where its name comes from. During this study, we
noticed that, for a small number of node agents, and in the
SpPW domain with sufficient delay above the transition value
of delay (observed with the order parameter), a BS appears,
as seen in Movie 3 in [35] (N = 50), which seems to be a
disordered state but with a greater number of particles; it is
more visible. Their time evolution is shown in Movie 4 in
[35] with a greater number of nodes (N = 600), where the BS
appears after a transient of 350 unit times. Also, the internal
radius of static elements was seen to depend on the K values,
such that the smaller |K|, the smaller this radius, and it also
depends on the number of nodes in the system. It is important
to lay down these characteristics to permit us to differentiate
the BS in Figs. 2(a) and 2(c) from the one observed in this
article and shown in Figs. 2(b) and 2(d) and defined as follows.

Boiling chimera state (BCS). This additional state, which
we shall call the boiling chimera state (BCS), is observed to
have an internal single-phase state surrounded by clustered
phase rings, see Fig. 2(d). While at first sight BS and BCS
appear as very similar in a static picture [Figs. 2(c) and 2(d)],
Movies 4 and 5 in [35] show that the internal phase synchro-
nized state is stable in the BS case and changes periodically
in the BCS. It is also interesting to notice the distribution of
phases in Figs. 2(a) and 2(b); BS presents all phases more or
less localized while they are separated by 2π , and BCS has
an internal synchronized cluster and most phases randomly
distributed, as described in the next paragraph.

The internal dynamics organization is key to differentiate
the BS from the BCS. Even when both states appear to be

similar, the inner part of the BS presents some clusters of
the internal phase, while in the BCS, all internal elements
are phase synchronized, as can be seen in Figs. 3(a) and
3(b), respectively, keeping the same colors as those of Fig. 2.
We observe that the BS is characterized by the formation of
identified clusters, where each cluster is separated from the
others by a phase difference of 2π .

In contrast with Fig. 3(a), Fig. 3(b) shows the phase snap-
shot of the elements obtained in the BCS. Here, we can see
two main groups: a desynchronized group and, at the top, a
quasisynchronized group (characterized by brown coloring),
as previously described in Fig. 2(b). From this, we can con-
clude that the BS observed by Blum et al. [32] corresponds to
the formation of spatial clusters without perfect coexistence
of order and disorder. Unlike the BS, the BCS reveals the
coexistence of coherence and incoherence among the phases
of the entities, which aligns with the definition of a chimera
state [40–42].

The dependence on the number of nodes during a transition
is of prime importance since it gives us information on what
is happening within the system. In the BCS represented in red
in Fig. 4, there is no dependence on the number of nodes for
the delay at the transition to synchronization (τT ). This is to
say that, no matter the number of elements in the system, the
transition basically occurs around the same value of delay.
This value is shown with a horizontal line around the value
of τ = 2 [see that the BCS phase appears only around τ = 2,
Figs. 5(a) and 5(b)]. Here, we should note that the delay
value of transition refers to the value beyond which the order
parameter R = 1 and below which the order parameter R �= 1.
From Blum et al. [32], below the curve for these transitional
values of delay (from τ = 5 upward), as seen in red in Fig. 4,
we have the BS, and above, we have the QSS. We should note
that this happens for very specific parameters in the (J, K)
space.

The impact of the phase delay, in addition to the BSs, has
highlighted other states which, in light of the work on which
we rely, have not yet been observed. Thus, to analyze the tran-
sition toward phase synchronization, we have represented in
Fig. 5 the influence of delay on these transitions for different
pairs of the (J, K ) space. These figures illustrate the evolution
of the order parameters R, S, and the average velocity V of
the entities, shown respectively in blue, black, and red, as
a function of the delay τ , which varies within the interval
[0, 4.5]. The phases, identified visually, are shown in each
region.

For a phase coupling of K = −1 and for three values of the
spatial coupling J = −1, 0.1, and 1 [corresponding, respec-
tively, to Figs. 5(a)–5(c)], it is observed that increasing the
delay tends to lead the elements toward a RSS state, which
corresponds to the state shown in Fig. 1(b1). This state is
particularly characterized by a phase difference of 2π between
rings of identical phase. In Figs. 5(a) and 5(b), one can see
that the transition to the RSS state passes through the SA
state and BCS. A negative spatial coupling J = −1 promotes
the clustering of entities with identical phases, with S ≈ 1
for τ > 2.5. For values of K = −1 and J = 0.1, which favor
the formation of the SA state, the existence of a phase delay
can alter this behavior, giving rise to BCS and RSS state.
Unlike the effect of a negative coupling J < 0, positive values
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FIG. 2. Snapshot of the internal and external dynamics of N = 600 nodes. (a) and (c) BS for J = 1 and K = −0.85, with delay value of
τ = 2.05. (b) and (d) BCS for J = 0.1 and K = −1, with τ = 1.9. The first row is the polar representation of the internal dynamics θ respecting
the distance of each element from the center, and the second row is the scatter plot of the spatial dynamics, where the color represents the
internal dynamics (see Movies 4 and 5 in [35]).

J = 0.1 and 1 [Figs. 5(b) and 5(c), respectively] lack this
clustering (S ≈ 0) for τ > 2.

Moreover, considering K = 0.1, as shown in Figs. 5(d)–
5(f), we observe the dominance of the SA state and the
absence of a transition to a synchronous state for low (J =
0.1) and negative (J = −1) values of the spatial coupling
[Figs. 5(d) and 5(e)]. However, the emergence of a transition
appears as the coupling J increases (J = 1), as shown in
Fig. 5(f). It can also be noted here that, for R = 1, a charac-
teristic of full phase synchronization is biased in this case by
the introduction of phase delay, which for high values around
τ = 15 reveals the presence of the BS instead of the RSS.
In contrast with K = −1, for a phase coupling strength of
K = −0.1, the value of R = 1 no longer corresponds to the
RSS state but instead signifies the emergence of the synchro-
nization pattern known as the BS, which still appears at larger
delay values.

Finally, for K = 1 [Figs. 5(g)–5(i)], there is a persistence
of the synchronized state characterized by R = 1, S ≈ 0, and

V ≈ 0, regardless of the value of the spatial coupling J or
the phase delay τ . This classical form of synchronization is
commonly referred to as SS. Based on this analysis shown in
Fig. 5, the remaining question concerns the impact of phase
delay on the close interplay between spatial and phase cou-
pling strengths.

B. Transition to phase synchronization:
Double explosive synchronization

According to the attractive and repulsive interactions that
characterize the swarmalator system, the chosen value of the
spatial coupling J can help us to show the effect of these
interactions on the kind of phase transition to synchroniza-
tion. This analysis was done in Ref. [17], where they showed
the existence of second- and first-order phase transitions to
synchronization due to the attractive and repulsive couplings
in swarmalator system without the effect of phase delay. In the
case of this study, the choice of most spatial coupling values J
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FIG. 3. Snapshots of the internal phase dynamics of each node.
(a) BS for J = 1 and K = −0.85, with τ = 2.05. (b) BCS for J =
0.1 and K = −1, with τ = 1.9.

led to the formation of double explosive synchronization when
varying the phase coupling K for a low value of phase delay
τ = 4.5, as shown by Fig. 6(a). As described in Ref.[30], the
double explosive synchronization has been observed in a mul-
tiplex of Kuramoto systems. This phenomenon can be used to
describe the dynamics and functioning of brain diseases [30].

FIG. 4. Dependence of the delay at the transition to synchroniza-
tion on the system size. Here (J, K ) = (1, −0.7) for the black (BS)
and (J, K ) = (0.1, −1) in red. The data were collected long after the
initial conditions and permit us to differentiate between the BCS and
the BS.

Figure 6 shows that increasing J for a particular value of
delay while varying K leads to a reduction in the gap between
the double explosive curves (U-shaped transition), as seen in
Fig. 6(a).

It is interesting to observe again the impact that the phase
delay has on the phase transitions in the systems of swarmala-
tors. Authors of previous studies have revealed that we can
have explosive transition in swarmalators only in the range of
attractive phase coupling [17,43], whereas due to the existence
of the delay, we observe that there are two transitions, from
synchronous to asynchronous state first and, secondly, from
asynchronous to phase synchronized state, both explosive
transitions that we call U-shaped abrupt transition.

When observing the plot in Fig. 6(a), we see there is a
form of instability in the plot J = −1 during the first transi-
tion, which appears as a two-step transition from synchronous
to asynchronous state. To investigate and ensure that the
observed U-shaped transition to synchronization remains in-
dependent of the scale of the value of the control parameter K ,
we increase the number of steps by taking K between −0.677
to −0.6 with a step of δK = 10−6. This reveals that the ob-
served fluctuations during the first transition when J = −1 in
Fig. 6(a) (green) are the result of a power-law relationship that
exists between the intermittent evolution of the order parame-
ter and the coupling K in that range, as shown in Fig. 6(b). In
this figure, n is the number of towers (where, by towers, we
mean the intervals with constant R = 1) and d the width of a
tower. What we observe for J = −1 works for various negative
values of J, though we did not test the whole sample space of
J values. For positive values of J, the transition at the forefront
of our U-shaped transition, seen in Fig. 6(a) (red and blue), is
of first order.

These double transitions appear here at the same critical
value Kc when the phase coupling K > 0. In contrast, for
negative values K < 0, the first transition has different critical
values of K that increase as J increases, for a constant value
of delay (τ = 4.5). The global effect of these two couplings
J and K is shown in Fig. 2(a) in the Supplemental Material
[36]. To see the effect of the delay on these double abrupt
transitions, we show in Fig. 7 the evolution of the order
parameter R as a function of K for several values of delay τ

(eight values). In this figure, it appears clearly that the choice
of the delay also modifies both the critical value Kc at the first
transition and the width between the two transitions called a
double transition width (TW). Indeed, increasing the values of
τ , respectively, from 1 to 4.5 with a step of 0.5 (as indicated
in Fig. 7) increases the critical value of the first transition
as observed previously in the case of different values of the
spatial coupling J (Fig. 6).

The study behind the change of critical values of K at the
first transition, in Fig. 7, also reveals the existence of a power-
law relationship between critical values Kc and τ present in
Figs. 8(a) and 8(c). Additionally, this shows the power-law
relationship between τ and the TW in Figs. 8(b) and 8(d). The
fitted straight line is colored black, and its slope is η1 = −1.02
and η2 = −0.96, respectively, in Figs. 8(c) and 8(d).

Extending the analysis performed in Fig. 4 to the value τT ,
where the double transition appears (in the case of Fig. 7,
for instance), we can conclude that the double explosive
phase transition remains when the number of nodes increases
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FIG. 5. Order parameters R (blue), correlation S (black) in the right axis, and mean velocity V (red) in the left axis as a function of phase
delay τ for different values of the couple (J, K ).

FIG. 6. Influence of the spatial coupling J on the transition
to phase synchronization. (a) The mean order parameter R (from
10 initial conditions) as a function of phase coupling K,−2 <

K < 1, where J = 1 (red), J = 0.1 (blue), and J = −1 (green).
(b) Logarithmic plot of the number of towers of height R = 1 vs the
width of the corresponding towers showing a power-law transition.
A tower is defined as an uninterrupted region with R = 1.These plots
are made for τ = 4.5.

(Fig. 9). Therefore, the size of the network does not affect the
appearance of the double explosive transition when τ = 4.5
and J = 0.1.We further make a general scan of the (τ, K )
space for two values of J with Figs. 10(a) and 10(b) showing
the order parameter plots when, respectively, J = 0.1 and 1.
The light gray color in both with negative values of K indicates
a region of cluster states where the phase difference is 2π

between two successive clusters. These multicluster states,
which normally do not appear in the absence of delay, can
be seen in Figs. 10(c) and 10(d) when the delay value is
4.5. Figure 10(f) shows that increasing the delay to a value

FIG. 7. Double explosive phase transition shown by the order
parameter R as a function of the phase coupling strength K for
different values of phase delay τ . This shows the effect of phase
delay for τ = [1; 4.5] with a step of 0.5 corresponding, respectively,
to each curve from left to right as indicated in the figure. This was
plotted for J = 0.1 and δK = 0.05.
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FIG. 8. Power-law evolution induced by the phase delay. (a) and
(c) Power-law relationship between Kc and the delay τ . (b) and
(d) Power-law relationship between τ and the TW, for J = 1 with
a critical value at the second transition of Kc2 = 0.05. The TW is
defined here by TW = |Kc2 − Kc|.

of τ = 50 transforms the disorder state previously present in
low delay, as seen in Fig. 10(e) with parameters (J, τ , K) =
(0.1, 1.95, −0.5) to a cluster state with phase difference of 2π

between group of elements observed on its time series plot
Fig. 10(f)(II).

Similarly, from the region in red (disordered states), the
parameter (J, τ , K) = (1, 1.95, −0.5) given in Fig. 10(j),
which is that of a disordered state similar to the APW, will
be transformed to a cluster state as observed in Fig. 10(k)(I),
more visible with its time series Fig. 10(k)(II), all this when
delay is at a value of τ = 50.

When observing Fig. 10(b), the yellow band represents a
transition zone from a phase-clustered region to a zone where
asynchrony dominates. This leads to Figs. 10(g)–10(i). For
Figs. 10(g)(I) and 10(g)(II), we represent a space or scat-
ter plot in Fig. 10(g)(I) and its corresponding time series

FIG. 9. Size dependence on the existence of the double explosive
phase transition. This shows the order parameter R as a function
of the phase coupling strength K for a fixed value of phase delay
τ = 4.5. This highlights the thermodynamic limit of the explosive
transition for the case of τ = 4.5 (violet curve) from Fig. 7 with
J = 0.1.

in Fig. 10(g)(II) for N = 600 elements respecting the same
parameters as the simulations to obtain Fig. 10(b), which is
for 50 elements at the parameters (J, τ , K) = (1, 4.05, −0.4).
This state is that of a BS with a shorter radius of its quasistatic
center. In a similar way, Fig. 10(i) represent a space plot for
N = 600 elements respecting the same parameters as for the
50 elements in Fig. 10(h) with parameters (J, τ , K) = (1, 1.95,
−0.85) but with a slightly different value of phase delay being
τ = 2.05. Though not visible on Fig. 10(h), it corresponds to
a BS with 50 elements.

Moreover, the domain of static synchrony seems to remain
unchanged, be it with low, see Fig. 10(m), or high values
of delay, and this state seems unaffected by the number of
elements in the system. Observing Figs. 10(c) and 10(d), these
regions appear to have the same order parameter of 1 as
in the region of Fig. 10(m). Though they seem to be phase
synchronized at the same level as observed with the order
parameter having the same color, as in Figs. 10(a) and 10(b),
the region in dim white in the negative regions of K and those
in the positive domains of K, we can differentiate these two
regions using the difference in their phase state values, i.e.,
2π . For those in the domain of negative values of K, the
phase difference is 2π and is approximately zero for those
in the positive region of K. The states of Fig. 10(c) and 10(d)
(RSS) have a phase difference of 2π between ring clusters,
and those states for a coupling strength K > 0.1 have values
of approximately 0 (as shown in Fig. 2(b) in the Supplemental
Material [36]). More interesting is the behavior of our system
for 0 < K � 0.1, where we observe a transitional SPI state,
Fig. 10(l). Upon increasing the number of nodes while at the
same parameters as those for the 50 elements in Fig. 10(l)(II),
we observe for the 600 elements in Fig. 10(l)(II) (Movie 6 in
[35]) that the same transitory behavior occurs, proving that it
is not dependent on the number of nodes. This state is called
transitory because, long after the transient time, it forms and
later on merges back (disappears), forming the SS state.

IV. CONCLUSIONS

We presented a study of the phase transitions in a time-
delayed swarmalator model, and although authors of recent
work [11,32] had focused on these systems, we present two
additionalstates: the BCS and the RSS. These states are long-
time collective states arising due to delay and observed for
specific parameters of the (J, K ) space in this swarmalator
model. It emerges from this study that the introduction of the
delay highlights the existence of a double first-order transi-
tion. In fact, the transition to reach the synchronization state
is characterized by intermediate states such as the BCS and
RSS. The BCS is a chimera because, in the scatter plot, we
have coherent elements at the center and disordered elements
at the exterior, as perceived with the same colors indicating
the same phase. What is peculiar is that plotting the phase
against the node index, we observe the internal dynamics with
some nodes having the same phase and others having different
phases [see Fig. 3(b)]. The RSS is called this way because its
elements form clusters in a ringlike manner, with each ring
having the same phase and thus the same color. We spanned
a greater portion of the (J, K ) space than Blum et al. [32],
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FIG. 10. Collective behaviors of the delayed swarmalator model for τ in the range 1 < K < 4.5 and the phase coupling K in the range
−2.1 < K < 0.8. (a) Order parameter plot function of two parameters (τV sK) for J = 0.1 and K in the range −2.1 < K < 0.8 . (b) Order
parameter plot function of two parameters (τV sK) for J = 1 and K in the range −2.1 < K < 0.8. (c) Cluster state for the parameters (J, τ, K ) =
(1, 3.5, −2). (d) Cluster state for the parameters (J, τ, K ) = (0.1, 3.5, −2). (e) SA for parameter space (J, τ, K ) = (0.1, 1.5, −0.5). (f)
Cluster state for parameter space showing scatter plot with its corresponding time series. (g) BS shown with (I) scatter plot with a small
center cluster radius and (II) its corresponding phase-time plot for the parameter space (J, τ, K ) = (1, 4.05, −0.4) using N = 600 elements.
(h) BS for the parameter space (J, τ, K ) = (1, 1.95, −0.85) using N = 50, and (i) BS with a large center cluster radius for the parameter space
(J, τ, K ) = (1, 2.05, −0.85) using N = 600. (j) APW scatter plot with parameter space (J, τ, K ) = (1, 1.5, −0.5). (k) (I) Cluster scatter plot
and (II) its time series with parameter space (J, τ, K ) = (1, 50, −0.5). (l) Snapshot of transitional SPI plots for (I) N = 50 and (II) N = 600
at t = 500 for parameter space (J, τ, K ) = (1, 1.5, 0.1). (m) Scatter plot for SS at the point (J, τ, K ) = (1, 1.95, 0.5).

yet we cannot claim to have uncovered all the rich dynamics
that this time-delayed model may contain. Furthermore, it also
emerges that, for a specific value of J, for a range of values
of K, and for a choice of delay τ , we can observe that the
transition to the synchronization state describes a double ex-
plosive transition with a U-shape and that the width of this U
decreases with increasing delay values, giving rise to a power
law. Also, for ranges of values of K and negative values of J,
we have zones of intermittence upstream of the beginning of
our U-shaped transition where the Kuramoto order parameter
R fluctuates mainly between 1 and 0, and this behavior also

follows a power law. This type of transition finds applications
in the study of brain dynamics, where the first transition can be
assimilated to move from the rest phase of the brain to the task
phase (the middle portion of our U-shape transition) and the
second transition closer to K = 0, in our case referring to the
onset of an anesthetic-induced unconsciousness, as shown by
Tianwei et al. [30]. During this study, we observed a limitation
using the order parameter (R) because it was unable to differ-
entiate between RSS and SS since RSS contains elements with
a difference of 2π between them. This, therefore, calls for us
to find other ways to solve this type of problem in the future.
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TABLE I. List of dynamical states of swarmalators with and without delay.

No delay Small delay Large delay

Static async (SA), O’Keeffe et al. [12] New boiling chimera state (BCS) New state ring static sync (RSS)
Active phase wave (APW), O’Keeffe et al. [12] Boiling state (BS), Blum et al. [32] Quasistatic state (QSS), Blum et al. [32]
Splintered phase wave (SpPW), O’Keeffe et al. [12] SpPW, O’Keeffe et al. [12] BS
Static phase wave (SPW), O’Keeffe et al. [12] Seems unchanged Seems unchanged
Static sync (SS) state, O’Keeffe et al. [12] Seems unchanged, remaining SS Seems unchanged, remaining SS
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APPENDIX: LIST OF DYNAMICAL STATES OF
SWARMALATORS WITH AND WITHOUT DELAY

The number of dynamical states in swarmalator systems is
increasing with the zeal and imagination of researchers in the
field and at times confusing readers. Here, we present a list
of the states known up to today in the hope that it will fa-
cilitate search and comparisons. To distinguish the collective
behaviors occurring from previous research [12,17,32,44] on
swarmalators with this study, we present Table I as a compari-
son base, restricting ourselves to the O’Keeffe-Hong-Strogatz
model [12]. For low and high delay, we refer to Fig. 1, where
there is a transitional value of delay for which a change occurs
from a said collective behavior. If this transitional value is
lacking, then this collective state is said to not be affected by
delay.
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[20] A. Barciś, M. Barciś, and C. Bettstetter, 2019 International
Symposium on Multi-Robot and Multi-Agent Systems (MRS)
(IEEE, Piscataway, NJ, 2019), pp. 98–104.
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