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Abstract. We examine a network of entities whose internal and exter-
nal dynamics are intricately coupled, modeled through the concept of
“swarmalators” as introduced by O’Keeffe et al. [1|. We investigate how
the entities’ natural velocities impact the network’s collective dynam-
ics and path to synchronization. Specifically, we analyze two scenarios:
one in which each entity has an individual natural velocity, and another
where a group velocity is defined by the average of all velocities. Our
findings reveal two distinct forms of phase synchronization—static and
rotational-—each preceded by a series of states where attractive or repul-
sive interaction dominates the movement of the entities. This interaction
phase, which depends sensitively on initial conditions, allows for selec-
tive modulation within the network. By adjusting initial parameters, we
can isolate specific entities to experience attractive-repulsive interactions
distinct from the group, prior to the onset of full synchronization. This
nuanced dependency on initial conditions offers valuable insights into
the role of natural velocities in tuning synchronization behavior within
coupled dynamic networks.
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1 Introduction

The study, understanding, and synthesis of swarm and oscillator dynamics have
recently attracted considerable attention from researchers. This research primar-
ily aims to enhance our understanding of, and to replicate, the behaviors exhib-
ited by various living systems, including birds, fish, frogs, and social insects. Over
the last decade, a new class of systems known as mobile systems has emerged,
characterized by the coupling of internal and spatial dynamics. These systems,
referred to as swarmalators by O’Keeffe et al. [1], merge the dynamics of swarm-
ing with those of oscillators. Numerous studies in this domain have highlighted
phenomena such as external sinusoidal excitation [2], phase transitions [3,4], and
various other interactions [5—13|.

Building on the two-dimensional model of swarmalators, Sar et al. devel-
oped a one-dimensional version, demonstrating that random pinning can
induce chaotic behavior within the system [13]. Furthermore, researchers have
explored this system in various configurations within one-dimensional and two-
dimensional spaces. However, much of the existing research has concentrated on
the swarmalator model primarily through pairwise interactions. Recently, the
focus has shifted toward incorporating higher-order interactions within swar-
malator systems to better approximate the dynamics of specific real-world sce-
narios [14].

To the best of our knowledge, all existing research on swarmalator dynam-
ics has primarily been aimed at identifying new dynamics and transitions
toward synchronization, while often assuming that particles do not possess self-
propulsion velocities. In this way by not considering memory of their previ-
ous directions of movement, the movement of the oscillators in real space has
been restricted to rotation in a circle. The attractive and repulsive interactions
described in the model by O’Keeffe et al. [1] play a critical role in the spatial
mobility of entities. This attractive and repulsive interactions were also argued
in many studies where some of them highlighted the existence of explosive tran-
sition toward synchronization due to the presence or not of repulsive coupling
[3,17]. However, incorporating a self-propulsion velocity for each entity in the
swarmalators dynamics, would more accurately reflect the behavior observed in
many living systems, capturing their individual responses to external factors and
adaptations to group movement.

In this work, we incorporate a non-zero self-propulsion speed to investigate
its impact on the transition toward a synchronized state. Following this introduc-
tion, we present the studied model in Sect. 2. In Sect. 3, we analyze the numerical
results, focusing first on the effects of individual self-propulsion speed, followed
by the effects of group self-propulsion speed. We conclude with a summary of
our findings.

2 Model

Let us consider a model, which has spurred extensive research into swarmala-
tor dynamics, encompassing diverse configurations, coupling mechanisms, and
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emergent behaviors [1,2,5,7,8]. This system is described by Egs. 1 and 2, which
capture the core interactions underlying these dynamics.

N
) 1
ri =0+ NZFatt (1i5) W (0i5) — Frep (135), (1)
J#i

. K&
0i = w; + NZHatt (0i5) G (ri5), (2)

i
with 4,7 = 1,..., N, where N denotes the total number of swarmalators; 6,

represents the phase of the internal dynamics of each entity, and r; = (x;,y;) €
R? denotes the spatial coordinate of the i*" swarmalator. The parameters v; and
w; correspond to the velocity and natural frequency of each entity, respectively.
The spatial attractive and repulsive interactions between entities in the network
are represented by the functions Fy¢; and Fi.p,, respectively, while Hy¢ represents
the phase interaction between them [1,2]. The influence of the internal dynamics
on the oscillators’ movement is represented by the functions W and G, which
also capture the reciprocal effect of movement on internal dynamics. The model
described by Egs. 1 and 2 can be reformulated as follows:

N
fo=aV(t) + = > T (At Jeos (0)) — B—4 (3)
N < <l , 1735l
Attrac;zf)e term Repulsive term
N .
. K sin (60;;
g Y

Here, r;; = rj —r; and 6;; = 6; — 6;. The constant « is chosen within [0, 1]; V/(¢) is
defined by Egs. 5 and 6 depending on the considered hypothesis defined below; A
and B are set to 1; K represents the phase coupling strength, and the interaction
between spatial and phase dynamics is modulated by A + J cos (6; — 6;). J mea-
sures the influence of phase similarity on spatial attraction. Previous studies on
swarmalators often simplify their models by assuming both the natural velocity
v; and natural frequency w; are zero as in Eq. 1. In contrast, we will set w; = 0
while allowing v; # 0 and equal to v; = &V () in our analysis (Egs. 5 and 6).

Assuming zero intrinsic speed fails to accurately describe the dynamics of
many living systems. For instance, in a flock of birds or a school of fish, the
intrinsic speed of individuals may vary based on their internal states or external
factors, such as the search for food or the presence of a predator. In these scenar-
ios, a member may adjust its speed to pursue food or evade threats, leading to
changes in direction, potential shifts in leadership, and variations in the intrinsic
speeds of the group members.

Building on this example, we propose incorporating the effect of each entity’s
individual speed as it returns to the group after an external disturbance. For
simplicity, we model each entity’s speed as dependent on its speed from the
previous moment (see Eq. 6), representing a memory state of its intrinsic speed.
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Furthermore, interactions among entities within their collective dynamics
have enabled us to define an additional form of speed, the “group speed” v,
(see Eq.5). This group speed characterizes each entity’s tendency to return to
the collective movement pattern established prior to an external disturbance,
facilitating coordinated movement and minimizing collision risk.

The two hypotheses formulated above allow us to examine the influence of
a group speed v, and an individual speed distribution v, as defined by Egs. 5
and 6.

— Delayed group velocity
V(t) =vg = (ri(t — At)) iz N (5)
— Delayed individual velocity
V(t) = v, =7i(t — At) (6)

(...) represents the time average, and At denotes the constant time delay, set
equal to the integration step (At = dt = 0.1) for simplicity. Initially, all entities
begin with zero velocity.

We will then analyze how these different choices of natural speeds affect the
overall dynamics of the swarmalator network, as well as their potential influence
on the network’s progression toward phase synchronization.

3 Numerical Results

To analyze our model’s dynamics, we simulated a network of 50 nodes using
the fourth-order Runge-Kutta method with a time step of dt = 0.1. Initial spa-
tial positions is randomly assigned from a uniform distribution over [—1, 1], and
internal phases is initialized within [—,7]. Each solution is computed over 10°
iterations. In this section, we examine the effects of both individual and group
speed distributions on the network dynamics and further investigate how the
choice of initial conditions influences the balance between attractive and repul-
sive interactions.

3.1 Effect of Group Velocity to the Route to Phase Synchronized
State.

Let us consider in this initial case that the natural velocity at time ¢ is uniform
and corresponds to the average of velocities of all elements at time ¢t — At, as
described by Eq.5. The dynamics of the system are governed by Eqs. 3 and 4.
Based on this assumption, Fig. 1 presents the transition from the static wing
state to a static phase-synchronized state. The figure illustrates this progression
through snapshots, emphasizing the repulsive and attractive interactions that
drive one agent to behave as a solitary wave or “soliton”. In these snapshots,
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we observe various transitional states preceding static phase synchronization.
These transitions reveal that synchronization is achieved through a balance of
competing forces: repulsive interactions that foster the formation of an active
solitary node (AN) and attractive interactions that pull this node back toward
the group, resulting in stable phase synchronization.

t=17490 1

Static Phase Sync(SPS) 2] f ' :
1 i _ 3383 | Rep.uls:on
t=.8.1ﬂ P 0 . ; ..'.,'- . t=104400 P
08l «%'s o | 20} LR T
« o ¢ L8 0 o _2
] . g 0 0
IR 0 2 0 e
SIS 7 (b)
05 SUET 5
0.5 0 0.5 2 Fags 9
Attraction Repulsion ‘
4 t=5.10° . 20 t=296300 P
9| / |

| oee! | K
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JESH T HE .
LR @) e~ @]
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Fig. 1. Snapshots of states showing the evolution toward synchronization throught the
attractive-repulsive challenge with the existence of active node (AN) when the delayed
group velocity is applied. (a) Static wing state; (b, c¢) repulsion between active node
(AN) and the static sync group; (d) attraction between AN with the static sync group;
(e) Static phase sync (SPS). Plotted for J = 1, K = 0.0004 and o = 0.3. The black
arrow indicate the sens of displacement of both active node (AN) and the group (see
movie 1 in the supplementary material [15]).

Figure 1(a) illustrates the creation of a solitary node at time ¢t = 17490,
driven by the repulsive interaction. When this repulsive force dominates over
the attractive interaction, the solitary node moves away from the rest of the
group, as seen in the transition from stages 1 to 2 (i.e., Figs.1(b) and 1(c)).
Stage 3, highlighted in Fig. 1(d), demonstrates the return of the solitary node
to the group. This stage is characterized by the predominance of the attractive
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interaction over the repulsive one between the active node and the other elements
in the network (see Fig. 3).

30 D4
20
-
10}
0
10
t %10°

Fig. 2. Time evolution of the mean radius of all the nodes when the delayed group
velocity is applied. The black curve represents the active node (AN). Plotted for J =
1, K = 0.0004 and o = 0.3.

To better illustrate the challenge of attractive and repulsive interactions, we
represent in Fig.2 the relative distance of mutual interaction, d; (see Eq.7),
between the elements of the network. This figure highlights four distinct regions
(D1 to D4) corresponding to stages 1 to 4 of Fig. 1.

di(t) = \/x3 (1) + yF (1) (7)

At the initial moment in region D1, the elements are distributed randomly,
resulting in a relative distance d; whose average value is so small (but not equal
to zero). During this time, the attractive and repulsive interactions largely com-
pensate for each other (Frep o Fait), with a slight dominance of the attractive
interaction occurring after t = 28970 (Fatt > Frep), as indicated by the blue
curve in Fig. 3.

In region D2 (stage 2 in Fig. 1(b,c)), we observe the onset of dominance by
the repulsive interaction of the active element, represented by the red curve
in Fig.3, where F,ep, > Fa. This shift is characterized by an increase in the
relative distance d; of the active element from the rest of the group (see Fig. 2).
The change in concavity of the relative distance observed in region D3 suggests
an imminent shift in dominance between the two interaction forces, similar to
what we noted in D2. Specifically, the repulsive force continues to prevail in
D3, maintaining the relationship Fiep, > Fagt, as illustrated in the zoomed-in
view of Fig.3. However, approaching region D4, we witness a tendency for the
active node (AN) to be attracted toward the rest of the group, as depicted in
Fig. 1(d). This indicates a transition to a dominance of the attractive force over
the repulsive force, where Fatq > Fiep.
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Fig. 3. Time evolution of the mean of the interactions suggested by the active node
(AN) when the delayed group velocity is applied. The red color indicates the repulsive
interaction while the blue one represents the attractive interaction between the active
node and the other elements. Plotted for J =1, K = 0.0004 and a = 0.3. (Color figure
online)

In addition to the evolutions illustrated in Figs.1 and 2, it is important to
highlight that during the transition toward static phase synchronization, the
active node demonstrates distinct internal phase dynamics across regions D1 to
D3 (see Fig.4(a)). Notably, the entire group maintains a consistent phase dif-
ference of 2w between regions D2 and D3, which is indicative of phase synchro-
nization. However, the active node only achieves a phase difference of either zero
or 2w starting from region D4. Conversely, the evaluation of the internal phase
energy H; [16] between the entities reveals a direct relationship with the relative
distance of interaction d; between the active node and the group. Specifically, as
the distance d; increases, the internal phase energy H; also increases, and con-
versely, it decreases as d; decreases. Notably, the internal phase energy stabilizes

x10™

(b)

Af=2n

L mmmmm - —-——

8 10
t x10° t x10°

Fig. 4. Time evolution showing transition to static phase synchronization. (a) The
internal phase dynamic 6; of each element. (b) The internal phase energy H; of each
element. Plotted for J = 1, K = 0.0004 and « = 0.3.
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once synchronization is achieved among the internal phases of the entities, as
illustrated in Fig. 4(b).

The increase in internal phase energy H; with the relative distance d; between
the active node and the group can be attributed to several factors. As the dis-
tance increases, the internal phase energy often rises due to the dominance of
repulsive forces over attractive ones, resulting in a loss of cohesion and stability
within the system. This greater separation leads to increased phase differences,
which disrupts synchronization and raises the energetic costs associated with
rejoining the group. Additionally, the effective strength of interactions typically
diminishes with distance, creating energy barriers that the active node must
overcome to synchronize again. Overall, these dynamics reflect the underlying
physical principles governing the interactions within the system, where both
individual and collective behaviors significantly influence the energy landscape.

3.2 Distributed Velocity Effect on the Transition to Phase
Synchronization

Let us now examine the impact of a delayed individual speed distribution on the
transition to synchronization. Given that the function V(¢) in Eq.3 is defined
by Eq. 6, we find that similar to the effects of delayed group speeds, this delayed
distribution significantly influences not only the transition to synchronization
but also the type of synchronization achieved. The snapshots in Fig.5 show
the different transitional states leading to the synchronization state, where we
observe a rotational behavior among the synchronized entities. Thus, by gener-
ating the initial conditions as seen in Fig.5(a), we witness the formation of a
compact group and a solitary or active node (AN), characteristic of a dominant
repulsive interaction (Fig.5(b)). In Figs.5(c) and (d), we observe a repulsive
effect between the active node and the group of entities (shown by the opposite
black arrow). This repulsion is accompanied by the dominance of the repulsive
interaction force over the attractive one (Fyep > Faty), as seen in Fig. 6(a) within
region R2.

This dominance is also accompanied by an increase in the interaction distance
of the active node relative to the other elements in region R2 of Fig. 6(b), followed
by a decrease in this distance as it approaches region R3. Unlike in the case of
delayed group speed, the return of the active node here depends not only on
a dominant attractive interaction (F,y > Fiep) in region R3 but also on the
presence of a constant spatial phase difference, Ag;; = |p; — ¢;|, between the
active node and the oscillating group. This search for a constant phase difference
can be observed in the continuous movement of the active node in the opposite
direction to the rotating group (indicate by the blue arrow in Fig. 5(e) and (f)).
However, in Fig. 5(g), we observe an attraction and penetration of the active node
into the rest of the group, with a tangential orientation to the constant rotational
movement, leading to the achievement of rotating phase synchronization (RPS)
as shown in Fig.5(h).
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Fig. 5. Snapshots of states showing the evolution toward synchronization throught the
attractive-repulsive challenge with the existence of active node (AN) when the delayed
individual velocity is applied. (a) Initial distribution of entities; (b) Repulsion with
creation of active node (AN); (¢, d) Repulsion between active node (AN) and the
dynamic sync group; (e, f, g) Attraction between AN with the dynamic sync group;
(h) Rotational phase sync (RPS). Plotted for J = 1, K = 0.0008 and o = 1, the bleu
arrow indicate the sens on displacement of the active node (AN) while the red arrow
indicate the sens of rotation of the group (see movie 2 in the supplementary material

[15]).

We can conclude that achieving a synchronized state, whether under delayed
individual speeds or delayed group speeds, requires navigating a simultaneous

tension between attractive and repulsive interactions.
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Fig. 6. Time evolution showing the transition to a static phase synchronization when
the delayed individual velocity is applied. (a) Interactions, the red color indicates the
repulsive interaction while the blue one represents the attractive one between the active
node and the other elements; (b) The mean radius of the nodes (the black curve is for
the active node (AN)). Plotted for J = 1, K = 0.0008 and o = 1. (Color figure online)

3.3 Initial Condition Dependence on the Existence
of Attractive-Repulsive Challenge

The synchronization transitions observed above for different speed distributions
underscore the significant impact of non-zero speed distribution on swarmalator
dynamics. However, these transitions appear to be highly sensitive to the choice
of initial conditions. Specifically, for a given set of initial conditions, we found
that the occurrence of synchronization transitions-and the resulting balance of
attractive and repulsive interactions-depends strongly on the initial phase con-
figuration of the entities.

Alternatively, it has been observed that modifying the initial phase condition
of the active node alone can successfully adjust its behavior. In other words,
this approach enables effective propagation of the phenomenon to the desired
element. However, changes to the initial spatial conditions have no impact on
the occurrence or progression of this transition toward synchronization.

To extend our observation, we applied perturbations ¢; and e to the initial
spatial conditions and internal phases, as given in Eqs. 8 and 9.

ri =71:;(0) + € (8)
0; = 0;(0) + €2 (9)

By simultaneously varying €; and €3 in the context of delayed group speed, we
find that specific conditions can reveal the presence or absence of an attractive-
repulsive dynamic between the active node and the network as a whole. Figure 7
illustrates the domains of existence (E) or non-existence (NE) of synchronization
transitions under this dynamic, represented in cyan and blue, respectively. Our
observations indicate that perturbations in the spatial variable have minimal
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Fig. 7. Domain of existence (E) and non-existence (NE) of a transition to synchroniza-
tion with attractive-repulsive challenge. Plotted for J = 1; K = 0.0004 and o = 0.3.

influence on the presence of interaction conflicts. Specifically, applying pertur-
bations within the range €¢; € [—0.1,0.1] does not alter the synchronization tran-
sition. However, perturbations in the internal phase variable e have a notable
impact: as €5 increases from 0 to 0.05, it promotes a synchronization transition
featuring an attractive-repulsive dynamic, provided that e; < 0.04. Beyond this
threshold, when €5 > 0.04, this transition ceases to exist.

4 Conclusion

In this study, we investigated the transition to synchronization in a swarmala-
tor system influenced by non-zero individual speeds, an area that has received
less attention in previous research. We focused on how these non-zero speeds
affect synchronization dynamics, addressing two distinct formulations. First, we
examined the scenario where the speed of an element at time t is dependent on
the average speed at time t — At, as defined by Eq. 5. Our findings indicate that
the transition to synchronization is characterized by a consecutive emergence of
attractive and repulsive interactions. This dynamic results in an increase in the
internal phase energy of the active node (AN) and culminates in a static phase
synchronization state. In our second approach, we explored the dependency of
an entity’s speed at the present time t on its speed at the previous time t — At,
as described by Eq. 6. This formulation introduces a memory component to the
behavior of the node. Here, we identified a novel state of dynamic synchroniza-
tion termed Rotational Phase Synchronization (RPS), which is preceded by a
transition that also highlights the attractive-repulsive challenge. Furthermore,
we emphasized the significance of initial conditions on the type of transition
to synchronization, establishing a domain of existence or non-existence for this
behavior. Investigating how initial conditions can influence the number of entities
exhibiting this synchronization could provide deeper insights into the dynamics
of living systems, such as those observed in flocks of birds or schools of fish.
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This line of inquiry presents a promising avenue for future research, as it may
enhance our understanding of collective behaviors in biological systems.
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