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Abstract. A method of controlling global stochasticity in Hamiltonian systems by applying nonlinear
perturbation is proposed. With the well-known standard map we demonstrate that this control method
can convert global stochasticity into regular motion in a wide chaotic region for arbitrary initial condition,
in which the control signal remains very weak after a few kicks. The system in which chaos has been
controlled approximates to the original Hamiltonian system, and this approach appears robust against
small external noise. The mechanism underlying this high control efficiency is intuitively explained.

PACS. 05.45.-a Nonlinear dynamics and non linear dynamical systems

In the recent decade, much attention has been paid to the
control of chaotic dynamical systems using small pertur-
bations [1–3]. There has been a strong focus on dissipative
system control in the past. Due to the complicated trans-
port properties, no great advancement has been achieved
in controlling Hamiltonian chaos except some extensions
of the OGY method [1, 4] and chaotic targeting [5]. In
particular, no work considered controlling global stochas-
ticity, i.e., global chaos, in two dimensional Hamiltonian
systems, this is, however, of great importance in practical
applications. For instance, in the tokamak problem which
can be roughly reduced into a model of the standard map,
we must be sure that the magnetic field lines (and, hope-
fully, the plasma) remain confined in the toroidal cham-
ber [6].

In this work, we consider a nonlinear perturbation
method to control global chaos in an example model of
the standard map. In order to be possible of extending
to handle quantum Hamiltonian system and to meet the
physical conditions of most experiments, we expect the
Hamiltonian system under control approximates to be
conservative, at least when global stochasticity has been
under controlled. The method we will discuss here does
meet our expectation, and it is surprisingly efficient. We
are able to entirely eliminate chaos in a wide stochastic re-
gion by very weak perturbation after a few adaptive kicks,
then the fundamental property of the original Hamiltonian
is kept while chaos is successfully controlled.
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The standard map [7–9], which is one of the most
extensively investigated models in many different appli-
cations, can be written in

Jn+1 = Jn −
K

2π
sin(2πθn)

θn+1 = θn + Jn+1 (1)

it exhibits, in spite of its simple formulae, much of the
complex and canonical behavior of more complicated re-
alistic systems, and this is ideally suited for the study of
chaotic dynamics in Hamiltonian systems [10]. For K less
than the threshold value Kc

∼= 0.9716..., the motion in J is
bounded by the existence of good KAM surfaces [11,12].
For K > Kc, there is unbounded motion in J , i.e., J can
be accelerated to infinity, and then global chaos sets in.

We are interested in the parameter range of 4 >
K > Kc, where chaotic orbits which can reach arbitrary
values of J while at least the origin (0, 0) is still elliptic,
and a stable island around this point remains. Our task
is to apply a weak nonlinear perturbation convenient in
practice to destroy global stochasticity of the system, and
to confine the system to low J values, and convert chaos
to regular motions. For this purpose we introduce the fol-
lowing control mechanism

Jn+1 = Jn −
K

2π
sin(2πθn)− e

2π
sinh(2πθn)

θn+1 = θn + Jn+1 m̂od 1 (2)

where the control signal − e
2π sinh(2πθn) does not change

the conservativity of the system. The notation m̂od 1
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Fig. 1. The stabilized motions. K = 1.5, e = 0.005, and the
control is switched on at n = 4000. (a), (b) and (c) have dif-
ferent initial values.

means to take the fractional part of the variable in the
[−1, 1] region. Precisely, we take θn+1 − n for either
0 < n < θn+1 < n + 1 or n − 1 < θn+1 < n < 0.
The function m̂od 1 introduces a discontinuity of the con-
trol signal − e

2π sinh(2πθn) at θn = ±1, this discontinuity
will be shown to be crucial for the control efficiency of
our approach. Equation (2) describes a practical Hamil-
tonian system in a periodic potential subject to a dis-
continuous control force, which varies continuously in the
range (−1, 1).

Numerical simulations show that global stochasticity
can be effectively controlled into regular motions, and
the final states are always quasiperiodic ones. Figure 1
presents three typical changes of the motions in Jn when
K is fixed on 1.5. We have e = 0 for n < 4000, the control
with e = 0.005 is applied at n = 4000. Figure 1a, b, c
correspond to different initial conditions. The relaxation
times for stabilizing the system are rather short, and this
is of some importance in practice since long chaotic tran-
sient for chaos control may cause some serious damages in
experimental systems. It is interesting to see that all kinds
of orbits are finally controlled into regular motions in the
neighborhood of the island close to the origin, which will
be roughly called as the attractive basin in the following
context. Let us consider the control signal

Zn = − e

2π
sinh(2πθn) (3)

and plot Zn versus n in Figures 2a, b, c, corresponding
to the evolutions in Figure 1a, b and c, respectively. We
note, in each case when the control is just switched on, Zn
exhibits some large jumps in a few steps first, and these
discontinuous forces drive the global stochasticity states of

Fig. 2. The control signal Zn vs. n. (a–c) correspond to the
cases of Figures 1a–c, respectively. Zn is described in equa-
tion (4).

the original system into the attractive basin in the phase
space. Then, the control signal keeps on an oscillation
with an amplitude less than 0.001,which is incomparably
smaller than the nonlinear force in the map

∣∣ K
2π sin(2πθn)

∣∣.
Therefore, once the chaotic system has been kicked into
the attractive basin, the controlled system approximate
to the original Hamiltonian system at the corresponding
regular state. Referring to Figure 1, once Zn in Figure 2
exhibits stable oscillation, the original unbounded stochas-
tic motion of the system can be constrained into a local
regular quasiperiodic one. So that, this control method
can be regarded as conservative control in the meaning of
approximation. It deserves to note that keeping conserva-
tive is more close to the physical condition of many real
systems and which enables extending the control idea into
possible quantum systems as well.

Figure 3a shows some typical global chaotic orbits for
K = 1.5 without control. Under the control of e = 0.005
they all turn into quasiperiodic motions in limited region
around the origin in Figure 3b. This is true for all the
range of 4 > K > Kc. For instance, Figure 3c gives one
example for K = 3.5 without control and Figure 3d con-
trol Figure 3c with e = 0.008. The striking point is that
we can perfectly control global stochasticity of the sys-
tem from arbitrary initial condition by applying a simple
control signal of equation (2) with a very small control in-
tensity. Our method is generally valid in the wide range of
K < 4. We have checked 4× 104 random initial values, all
the motions are controlled into the typical orbits similar
to those in Figure 1 and Figures 3b, d. There is no excep-
tion for the parameter range of Kc < K < 4, and their
relaxation times are different from 101 to 104. Even for K
slightly larger than 4, some global chaotic orbits can still
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Fig. 3. (a) The typical global chaotic orbits of equation (1)
with K = 1.5. (b) The typical solutions of equation (2) with
K = 1.5 and e = 0.005. (c) The same as (a) with K = 3.5.
(d) The same as (b) with K = 3.5 and e = 0.008.

be controlled into regular ones, and we had observed such
example at K = 4.3 with e = 0.01.

Now it is of crucial importance to study the mecha-
nism underlying the features of the control approach of
Figures 1–3. The following points are emphasized.

(1) The most interesting feature of Figures 1–3 is that
the violent global stochasticity can be effectively turned
to localized regular motions where the control signals are
extremely small. This feature is very much welcome be-
cause with small control the essential nature of the orig-
inal system can be kept. Since the small control signal
do not considerably change the stability property of the
unperturbed system, the final state under control should
be close to the stable and weakly unstable region of the
uncontrolled system. This conclusion is confirmed by all
Figures 2 and 3 where the control signal always drive the
system to the island near (0, 0). In this region small sig-
nals are enough to overcome the weak instability or to
keep stability.

(2) Then the next crucial point is the mechanism how
the control signal drives the system to the stable or weakly
unstable region, the discontinuity of the control signal at
θn = ±1 is the key reason. Without control no any trajec-
tory and any space region is attractive due to the Hamil-
tonian nature of the system. Actually, for a standard map,
if the system starts from any space point it will soon or
later comes back to the region infinitely close to the start-
ing point on the premise of mod 1 to (θn, Jn). Therefore,
no migration of the system from any region to the sta-
ble region can be expected without control. The control
signal and m̂od 1 projection change the invertible sys-
tem to non-invertible, that makes the appearance of an
“attractive” region. In Figure 4 we start from the region

Fig. 4. K = 1.5, e = 0.005. Shaded regions with crosses in the
figures are the discontinuous-map-induced overlapping regions.
(a) Initial values distributed uniformly in the phase space. (b)
The pattern after one iteration from (a). (c) The pattern after
ten iterations from (a). (d) The pattern after 10000 iterations
from (a).

J0 = [−1, 1], θ0 = [−1, 1] and iterate the system. After
some iterations the initial area shrinks to a small asymp-
totic area centered at (0, 0) due to the overlap of the it-
erated region. Occasionally (or by intelligent selection of
the control signal), this asymptotic “attractive” region is
just in the stable or weakly unstable domain of the uncon-
trolled system, then a successful control with weak signal
can be surely anticipated, this is what happens in Fig-
ures 1–3.

(3) The existence of “attractive region” in a discontin-
uous conservative map shows dissipative-like behavior in
some sense, and then called quasi-dissipativity [13]. Nev-
ertheless, the conservative nature is kept in our control
system. In particular, when the system is well under con-
trol, no discontinuity can be felt in the asymptotic motion,
then the controlled system is typical Hamiltonian system
with continuous force. It is emphasized that no any trajec-
tory is attractive even under control, therefore, infinitely
many final regular states can be realized from different
initial states.

(4) One more question important for applications is
whether the discontinuous control in equation (2) can be
easily realized in experiments. The answer is positive. The
control signal in (2) is a typical threshold system. The sig-
nal shows well behaved continuous function when a vari-
able is below a threshold and discontinuously drop down
(by discharge in electric circuits, for instance) after the
variable is over the threshold. This kind of devices can be
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Fig. 5. Typical system orbits under both control and Gaussian
white noises, equations (5). (a) K = 1.5, e = 0.005, and ρ =
1.4×10−4, corresponding to Figure 3b without noise. (b) K =
3.5, e = 0.008, and ρ = 2.8× 10−5, corresponding to Figure 3d
without noise.

easily designed for electric circuits [13], and is expected to
realizable for plasma systems.

For applicability it is important to further exam the
robustness of our control strategy, e.g., we need to consider
the influence of noise on the control stability. We consider
the control system subject to noise

Jn+1 = Jn −
K

2π
sin(2πθn)− e

2π
sinh(2πθn) + ρξn

θn+1 = θn + Jn+1 + ρηn m̂od 1

〈ξnξn′〉 = 〈ηnηn′〉 = δ(n− n′),

〈ξnηn′〉 = 0, 〈ξn〉 = 〈ηn〉 = 0 (4)

where ξn and ηn are Gaussian white noise generated by
using the Box-Müller method [14], and ρ denotes the in-
tensity of external noises.

Figure 5 shows the results obtained at the presence
of noise for K = 1.5 in Figure 3b and K = 3.5 in Fig-
ure 3d, the noise intensity in Figure 5a and b is 1.4×10−4

and 2.8 × 10−5, respectively. Comparing Figure 5a with
Figure 3b and Figure 5b with Figure 3d, we can see that
noise wipes the fine structure of the orbits, however, the
control of global stochasticity is not affected, i.e., the tra-
jectories are confined within a small neighborhood of the
noise-free orbit and do not wander over the phase space
to infinity. Therefore, the stability of weak nonlinear per-
turbation control is robust against weak external noise.

In summary, we proposed a weak nonlinear per-
turbation method to control global stochasticity in
two-dimensional Hamiltonian systems, and we demon-
strated its validity, high efficiency, and robustness

in a model of the standard map. Though we take a partic-
ular model as our example, the following idea works gen-
erally. In most of chaotic conservative systems there ex-
ist some small regions allowing stable or weakly unstable
motion. Without control for major portion of initial con-
ditions the system cannot enter these regions and the mo-
tion is violently chaotic. Intelligently chosen non-invertible
control signals may migrate the system to this favorable
region from arbitrary initial conditions, and then elimi-
nate chaos. Since the control signal approximates zero af-
ter a number of discontinuous kicks, the controlled system
approximates to the original Hamiltonian system quickly,
and this is favored to meet the possible practical require-
ments.

This work was supported by the Nonlinear Science project of
China and Doctoral Program Foundation of Institute of Higher
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