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THERMODYNAMIC PROPERTIESOFSATURATED SEMICONDUCTORS
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(Received 25 July 1975 byR.A. Cowley)

The thermodynamicpropertiesof a directgapsemiconductingsystem,
underhighintensityopticalpumpingare studied.Thestrongelectromag-
neticfield of thepumpingbeammusthavea frequencylargerthanthe
bandgap.A Bosecondensationof electron—holepairsof zero momentum
is foundasthe temperaturegoesto zero.Thiscondensationpersitseven
whenthefinite wavevectorof the pumpis takeninto account.

IT HAS beenshown1 thathightemperaturesuper- In orderto revealpossiblephasetranstionsin
conductivitycanbe achievedin semiconductingsys- thesystemits thermodynamicpropertiesmustbe
temswithaninvertedpopulationof quasiparticles, known.No calculationof this kind isavailableto
Sucha systemcanbeobtainedby opticalpumping date.In the presentwork we undertakethecalcu-
on a direct gapsemiconductor,with intensityhigh lation of thepartition function for the aforemention-
enoughto insurethat theprobabilityof creatingan edsystemusinga mathematicalmethodproposedby
electron—holepairexceedstherecombinationprob- EckmannandGuenin(EG)for solvingfermionprob-
ability. Foran electromagneticwave whosefrequency lems.5This methodprovidesanextremelysimplebut
w is largerthan thebandgapw~,thebottom of the exactsolutionto our problemmaking thepresent
conductionbandis filled with electronsandthetop treatmentsuperiorto thepreviouslyusedoneswhich
of the valencebandwithholesup to anenergy yield numericalsolutions.Our treatmentpredictsthe
(lime + 1 imh)K~./2= w — ~ Theenergy spec- existenceof a condensedphaseof electron—hole
trum, ~U,p),of the quasiparticlesin this systemis pairs,as Tgoesto zero,which persistsevenwhenthe
foundto be2 finitenessof the wavevectorof thepumpinglight is

~4:p) = takeninto account.

IF I ~ ~‘ “ + ~ I I \12+\2 I1\

~ L~e~P)Eh~~PJ]— V4 L�e~~PJCh~PJJ ~ ~ Weconsideratwo bandsemiconductorin an
with electromagneticfield of vectorpotential

= p + ~ — ‘~. (2) A = A
0 cos (wt — q r), A q = 0 (3)2me(h) 2

whoseHamiltonian in theeffectivemassapproxi-
Equation(1) showsa gap,X~,in this spectrumwhich mation, ignoringCoulombinteractionbetweenelec-
dependson thefield, the matrix elementof p tronsandholes,is givenby:
betweenthe conductionandvalencebandandthe
anglebetweenthe directionof thefield andthemo- H — ‘c’ E ( + +E ~b ~

3 . . — L.~ e~P,apap hkPJ -p -p
mentumof theelectron. Electric andmagnetic p

propertiesof this systemhavebeencalculatedby + x a~b~ ei~t
severalauthorsby meansof a canonicaltransform- p,q ~ -(p+q)

ation.34 + Xp*,qb_(p+q)ape~t, (4)
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hereEe(p)andEh(p)are theenergyof electronsand LH,AVA = HA
holesmeasuredfrom thecenterof thebandgap; gives:5
a(b~~)anda~(b~)are thecreationandannihilation [0 0 0 XCeCh 1
operatorsfor electrons(holes),andXp,q isthe I
electricdipole matrix elementfor the interbandtran- 1 0 0 (Ce + Ch)(CeCh A2) I

1(11)
sition.Performingthe unitarytransformation — 0 1 0 A2 — CeCh (Ce + Ch)I

iwt +U(t) = exp ~ (5) 0 0 1 2(Ce+Ch) ]
the Hamjltonianbecomes whoseeigenvaluesW~, are:Ce, Ch and (Ce + Ch )/2 +

\/(Ce + Ch/2)2 + A2. Then
H = ~ Hi., = ~ ee(p)ap~ap+ Ch(P)b b

‘) ‘) exp( H~/kT) = ~ exp (— wklkT)
P p

k=i (12)
+ Xp,qap~b~p÷q)+ Xp*,qb~p÷q)ap, (6)

whereCe ande~aregiven in equation(2). where/i~ are the eigenvectorsof LH,1 , andXk is de-
4

fined by V

1 — /~1kXk.Straightforwardapplication
First we considerthe caseq = 0, anda real A,,

of the EG methodyields:
5

for simplicity. Thenwe canwrite

~ (_~Hp/kT~=flexp{—H~ikT} Z —UZ(p)
p P 2flexp { IEe(p) + Ch(p)] /2kT ~ Ce(P) Ch(p)

thereforethe EG methodis easilyapplicableto the ~ ~ch 2kT
problem.The vectorbasis,obtainedby application ci(p))

+ch—i (13)
of the EG method,givenby kT

Vfl,A — ~ (8)
- I herea(p) — + (Ce + Ch)214. The numberof elec-

where( . . . meansaverageover theground state,has tron—holepairs is given by thethermalaverageof
dimensionalityfour, and is (S~S)T,or (a1:p)\ — Ce(P) + Ch(p) sh

= 1 ch kTI 2a(p) \kT/

V

2 — CeNe + ChNh + A(S~+ S) (S~S>T 2 ICe(P) - Ch(P)~+ ch
ch~ 2kT

kT I
V3 = (Ce A

2)Ne+(C? A2)Nh+x2l
+ A(Ce + Ch)(S~+ S) + 2(CeCh + A2)S~S. (9) (14)

V

4 — A
2fre + Ch)l A2(Ce + Ch)(Ne + Nh) (S~S)Ttendsto halfthe numberof electronsplus

holes6whenT—~0, near the quasi-particleFermi
+ ~e3Ne + C~Nh+ 3(e~+ Ch)(CeCh + A2)S~S surface,andwe find pair condensation.

+A{(Ce +Eh)2+ A2}(S~+S)
We turn now to thevalidity of this calculation

whereNe = a~a,Nh = b~b,S~= a~b~andS = ba for finite q. In order to do so, we write the vector
andwe haddroppedthe indexp for simplicity. The potentialA(q) = A(0) + [A(q) A(0)] . andcalcu-
fifth vectorv

5 — (HHHH> is found to be a linear late thechangein thethermodynamicpotential~2.
combinationof the other four Thiswe do by usingthe Green’sfunctionmethod.

V5 = A

2CeChV1+ (Ce + Eh)(CeCh — A2)v
2 We definetheGreen’sfunctionsGe(X,x’) =

(10) j(Tl~Ie(X)1,~(X’))andF~(x,x’) —

+ [A
2 CeCh (Ce + Ch)2] V

3 +
2(Ce + Ch)V4 If we write Ge = G~°~+ G~,F~— ~ + ~

andkeepfirst order terms in A(q) A(0) we find7
andthematrix LHI, definedby
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/G”~(x,x’)\ (G(°~(x— x’) F~°~(x— x’)\ (~~ — A~) VF+(O)\

‘.~F~’~(x,x’)) = ~~F”°~(~— x’) — G~°~(x— x’)) ( e J (15)
\ / \ / \~—— (A — A

0) .
\mc /

whereG~°~andF~°~arethe Green’sfunctionsfor ö [W + ~(p — q)]
theunperturbedsystem.Thechangein the thermo- ~e(p)— w — cx(p — q) + i~
dynamicpotential turnsoutto be:

+
= ±~VT ~ ~d

3p ;~-(A
0 p) ~F~°>(p — q. e(p) — w +a(p — q) — th

which goesto zero for q -÷0.
— W) —F~’~°~(p,w,~— w)—F~°~(p,W~)

— — ~‘ G~
0~( — Wehavesucceededin calculatingthepartition

~ ~ q, c,.),, W

1 — ~ (Ji72 C~i11 functionfor a saturatedsemiconductorby a method
\ G~°~(p,w,,) G~°~(p,~‘n) / which isat thesamesimple andexact.We havefound

(16) a Bosecondensationof pairs,nearthe Fermisurface
whenT goesto zero,broughtaboutby theinter-

to estimatethis expressionfor q —~0, we use actionbetweenelectron—holepairsvia electromag-
G~°~(p,w) andF~°~(p,w) foundby Elesin (for netic fields.Work is underwayto find outif there
me = mh), andfmd existsa finite temperatureT~>0 at whichthis con-

= densationoccursincludingmanybodyeffectsanda

more realisticmanybandmodel.Thiscondensation
~ $ d

3p —f--- (A

0 p)A ~ e(p) shouldleadto importantchangesin someobservable
4 mc “ m a(P)[cs(p)— i~5] quantitiesof which opticalabsorptionandRaman

scatteringarebeingconsidered.Theseextensionsof
thepresentwork will be publishedelsewhere.
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