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We consider a Kuramoto model of four-coupled oscillators of nonidentical initial frequencies.
Under the influence of coupling, the oscillators fall into a full phase locked state of a common
frequency when the coupling strength surpasses a threshold value. We find numerically the
parameters that control this distinguishable coupling constant at the moment the oscillators
transit into an entire frequency synchronization when a complete phase lock state takes place.
We are able to set apart a recognizable phase condition at the fully locked state. This phase
condition helps to derive an analytic formula to calculate the coupling factor as soon as the
oscillators depart to a full phase locking state. The explicit expression of the edge coupling
factor is given in terms of the initial frequencies of the four oscillators. The formula valid for
calculating the distinct coupling allows to find mathematical expressions to calculate the phase
differences when the four-coupled phase oscillators are strictly at the full phase locked state and
have a common frequency synchronization.

Keywords : Frequency synchronization; Kuramoto model; coupled phase oscillators.

1. Introduction

The dynamics of many systems, which appear in
physics, chemistry, biology, engineering, technology,
social relations, etc., are modeled by coupled oscil-
lators [Strogatz, 2018; Csaba & Porod, 2020; Thiem
et al., 2020]. Although the mechanisms of dynamics

in the above-mentioned scientific fields are dissim-
ilar, they can successfully, under an assumption of
weak coupling, be described by using the Kuramoto
model of all-to-all coupled phase oscillators [Guo
et al., 2021; Velasco & Neto, 2021; Chheba et al.,
2020; Latifpour & Miri, 2020; Heggli et al., 2019;

‡Author for correspondence

2350005-1

https://dx.doi.org/10.1142/S0218127423500050


February 2, 2023 10:57 WSPC/S0218-1274 2350005

M. S. Mahmoud et al.

Jang et al., 2019; Witthaut et al., 2017]. An inter-
esting feature that is common in the formerly
stated systems is synchronization [Wiesenfeld, 2020;
Wu & Li, 2020; Yang & Liu, 2020; Young-Pil &
Zhuchun, 2019; Boccaletti et al., 2018; Taheri et al.,
2017], where the coupled phase oscillators possess
a common frequency under the impact of cou-
pling. The synchronous feature of oscillators at a
full phase locked state takes place once the cou-
pling factor exceeds a significant threshold value.
It is essential to examine the coupled phase oscilla-
tors to understand the transition to the full phase
locking.

A system of three-coupled phase oscillators is
analyzed in [Maistrenko et al., 2004], which was
later solved analytically [El-Nashar, 2016, 2017] at
a phase lock state. In particular, once the complete
frequency synchronization is achieved, it is possible
to find an analytic expression of the marked cou-
pling constant, at the phase locked state, and conse-
quently the phase differences in terms of the initial
frequencies of the oscillators. In addition, know-
ing the formula of this distinct coupling value and
phase differences, in case of three oscillators, allows
to understand quantitatively the mechanism that
leads to synchronization and how the oscillators
are phase locked at a saddle-node bifurcation [El-
Nashar, 2017]. However, in the case of three-coupled
phase oscillators, the local and global coupling are
the same, while in the systems of a few coupled
phase oscillators larger than three, the difference
between the locally and globally coupled cases will
appear. Systems of a few coupled phase oscillators
have been attracting attention from a fundamental
and a practical point of view in numerous fields,
where synchronization emerges [Huang & Zadeh,
2020; Gourary & Rusakov, 2020; Scholes, 2020; Yap
et al., 2019]. The stability of the full phase locked
state [Aeyels & Rogge, 2004; Mirollo & Strogatz,
2005], in the case of a finite number of coupled phase
oscillators, shows the existence of a stable full phase
lock solution when the coupling passes a certain spe-
cific value. Therefore, the answer to the issues, how
to distinguish the full phase lock solution and what is
the explicit formula valid to calculate the coupling
strength at the phase locking and hence the phase
differences, will provide further steps towards the
understanding of the dynamics of the coupled phase
oscillators. Thus, this goal can be achieved when
we perform a detailed study considering synchro-
nization at a phase locking state of a few all-to-all

coupled phase oscillators starting from four globally
coupled phase oscillators.

A system of four all-to-all coupled phase oscil-
lators was examined in [Maistrenko et al., 2005],
where the synchronization mechanism was investi-
gated. However, there are no exact analytic solu-
tion at the full phase locking, for a system of four-
coupled Kuramoto oscillators, neither to present
an expression for calculating the coupling factor
nor to account for the phase differences at the full
phase locked state. Understanding the synchroniza-
tion of the four Kuramoto oscillators may introduce
additional realization of the synchronization mech-
anisms in systems of a few and a finite number of
coupled phase oscillators, which will have remark-
able results. The Kuramoto model, for four oscilla-
tors is defined as [Strogatz, 2018]

θ̇j = ωj +
K

4

4∑
j=1,i�=j

sin(θi − θj), (1)

where K is the coupling constant, ωj and θj repre-
sent the phase and initial frequency, respectively,
for an oscillator and θ̇j acts for the time evolu-
tion of the phase. As the coupling strength K
increases, the oscillators remain desynchronized.
When K reaches a critical coupling Kc the oscilla-
tors begin to synchronize and hence Kc marks the
onset of partial locking and once K finally attains
K∗

c , the full phase locking is developed [Aeyels &
Rogge, 2004; Mirollo & Strogatz, 2005]. In order
to understand quantitatively the transition into a
stable phase locking state, the determination of the
marked threshold coupling parameters, Kc and K∗

c ,
is crucial. According to system (1), when the initial
frequencies are nonidentical (the oscillators have
unequal initial frequencies prior to coupling), a com-
plete frequency synchronization to a common fre-
quency ωo starts to exist at a value of the coupling
constant K∗

c , when a certain stable phase lock state
appears, where ωo = (1/4)

∑4
j=1 ωj. The explicit

formula for the coupling constant K∗
c is not known.

As clearly seen in Eq. (1), the coupling term, that
affects the time evolution of the phase of each oscil-
lator, depends on K as well as the phase differences.
The determination of an explicit expression for the
coupling constant, for a general set of the initial fre-
quencies {ωi} that satisfies (1/4)

∑4
j=1 ωj = ωo, at

the transition to the entire phase locked state will
help to comprehend the mechanism of the phase
dynamics and hence will explain how the oscillators
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fall into synchronization when the coupling reaches
the effective coupling K∗

c . Also, the determination
of an explicit formula for K∗

c will offer not only a
framework to understand the feature of the oscilla-
tor’s synchronization just below K∗

c but also pro-
vides the basis to determine the coupling strength
Kc. Therefore, the examination of the Kuramoto
model of all-to-all four coupled phase oscillators will
help to promote additional understanding of the
intrinsic dynamics of a few globally coupled phase
oscillators. Thus, understanding the synchroniza-
tion phenomena in a few all-to-all coupled phase
oscillators will explore the processes that lead to
synchronization in a Kuramoto model of a finite
number of oscillators.

In this work, we study four globally coupled
phase oscillators of unequal initial frequencies at
the transition to synchronization at full phase lock-
ing. We start analyzing numerically the frequency
synchronization of the four-coupled phase oscilla-
tors. Numerical solutions of system (1) are neces-
sary because it allows determining the important
parameters that control the effective coupling value
at a total phase locked state by finding an approxi-
mate expression for the efficient coupling value K∗

c .
Also, the numerical investigations guide us to search
for the stable phase lock [Aeyels & Rogge, 2004;
Mirollo & Strogatz, 2005] situations at the com-
plete phase locking solution. We find the phase lock
condition, which enables us to derive an explicit
expression for computing the coupling factor K∗

c .
The expression for the marked coupling strength
K∗

c shows that it depends on the initial frequencies
of the individual oscillators. In addition, we are able
to obtain formulas for calculating the phase differ-
ences at the appearance of the synchronization at
the total phase locking state.

This work is organized as follows: In Sec. 2,
we demonstrate the synchronization trees for dif-
ferent configurations of the four-coupled oscillators.
In Sec. 3, we present a numerical approach to find
the most effective parameters (depending on initial
frequencies) that decide mainly the values of K∗

c .
This numerical work allows to obtain an approxi-
mate expression to compute the values of the crit-
ical coupling K∗

c . Also, we are able to specify the
phase lock condition at the moment the oscillators
synchronize in a stable state of full phase locking.
In view of the results as per the numerical approach
(Sec. 3), in Sec. 4, we present a method to obtain
an explicit mathematical expression for the critical

coupling constant. In Sec. 5, we find formulas for
calculating the phase differences at the stage of syn-
chronization at a full phase locked state. In Sec. 6,
a discussion is presented. In Sec. 7, a conclusion is
given.

2. Frequency Synchronization Trees

We write the initial frequencies ωj, j = 1, 2, 3, 4,
for four oscillators, as ωmax > ωm> > ωm< > ωmin,
where we use the condition (ωmax + ωm> + ωm< +
ωmin) = 0 which does not change the general feature
of the original system (1). We define the maximum
frequency detuning quantity Δmax = (ωmax−ωmin),
where Δmax > 0. We also define the frequency dif-
ference between the two middle oscillators Δm =
(ωm< − ωm>), where −Δmax ≤ Δm ≤ 0. We also
define the other two frequency differences Δu =
(ωm>−ωmax) and Δd = (ωmin−ωm<), where Δu ≤ 0
and Δd ≤ 0.

System (1) has several patterns, that show the
routes from desynchronization to synchronization,
according to the values of the initial frequencies
ωmax, ωm>, ωm< and ωmin. In Fig. 1, we plot the
quantities 〈θ̇i〉 versus K, where we show the critical
coupling Kc that indicates the onset of partial lock-
ing. There are six different patterns in Fig. 1, where
the four different quantities 〈θ̇max〉 � 〈θ̇m>〉 �
〈θ̇m<〉 � 〈θ̇min〉. We indicate, in the legends of all
graphs of Fig. 1, the conditions for each pattern.
Figure 1(a) shows in the main plot the three oscil-
lators of initial frequencies ωmax, ωm> and ωm<

meeting oscillator of an initial frequency ωmin at Kc

while in the inset of Fig. 1(a), we depict the case of
one oscillators of an initial frequency ωmax that syn-
chronizes to the three oscillator of ωm>, ωm< and
ωmin. In Fig. 1(b), we introduce in the main graph
a case when three oscillators of ωmax = ωm> = ωm<

synchronize to the fourth oscillator of ωmin, where
ωmin = −3ωmax. In the inset of Fig. 1(b), we demon-
strate the synchronization of the four oscillators
that have ωmax and ωm> = ωm< = ωmin, where
ωmax = −3ωmin. The main plot of Fig. 1(c) demon-
strates the synchronization of two oscillators com-
ing from above (ωmax and ωm> of a larger sep-
aration) to meet the other two oscillators which
are approaching from below (ωm< and ωmin of a
smaller separation). The inset of Fig. 1(c) presents
a synchronization of two oscillators that are com-
ing from above (ωmax and ωm> of a smaller sepa-
ration) to meet the other two oscillators which are
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(a) (b)

(c)

Fig. 1. Plots of 〈θ̇i〉 versus K for six different patterns in the diagrams (a)–(c) and their insets. The different conditions of
the initial frequencies and the frequency differences are indicated in each graph and its inset. Only the two cases in the plot
(b) and its inset possess Kc = K∗

c . The other two plots (a) and (c) and their insets have Kc < K∗
c .

approaching from below (ωm< and ωmin of a larger
separation). In all graphs of Figs. 1(a) and 1(c),
and their insets, we show the values of the mini-
mum couplings Kc and K∗

c that represent the occur-
rence of the partial phase locking and the full phase
locking, where Kc < K∗

c , correspondingly. In the
plots of Fig. 1(b), we demonstrate the case when
Kc = K∗

c . In Fig. 2, we show other six cases of
different configurations of the initial frequencies of
the four oscillators, where the four different quan-
tities 〈θ̇max〉 � 〈θ̇m>〉 � 〈θ̇m<〉 � 〈θ̇min〉 at Kc (the
beginning of the partial phase locking). We show,
in the legends of all plots of Fig. 2, the conditions
for each pattern. Figure 2(a) demonstrates the case

of the synchronization of oscillators that have ini-
tial frequencies of ωmax = ωm> and ωm< = ωmin,
where ωmax = −ωmin and ωm> = −ωm<. The inset
of Fig. 2(a) shows the case where the four oscil-
lators meet at Kc once the initial frequencies are
ωmax = −ωmin, ωm> = −ωm<, ωmax �= ωm> and
ωm< �= ωmin. In the plot in Fig. 2(b), we show the
case when the two inner oscillators have closer ini-
tial frequencies ωm> = −ωm< and the outer two
oscillators have initial frequencies ωmax = −ωmin.
Figure 2(c) shows the synchronization of the four
oscillators that have ωmax = −ωmin and ωm> =
ωm< ≡ ωo. In the main graph of Fig. 2(a), we
present the case when Kc = K∗

c , where Kc and K∗
c

2350005-4



February 2, 2023 10:57 WSPC/S0218-1274 2350005

Exact Solution of Four-Coupled Nonidentical Kuramoto Oscillators

(a) (b) (c)

Fig. 2. (a)–(c) Three different graphs of 〈θ̇i〉 against K for four different patterns. In the diagrams we show the initial fre-
quencies and the frequency differences of each plot. The cases which are shown in the main plot of (a) shows Kc = K∗

c while
the other graphs show Kc < K∗

c .

represent the occurrence of the partial phase lock-
ing and the full phase locking, respectively. In the
inset of Fig. 2(a) and the diagrams of Figs. 1(a)
and 1(c), we show the values of the coupling con-
stants Kc < K∗

c .
In all plots of Figs. 1 and 2, and their insets,

we indicate Kc in the graphs, where the oscillators
start to partially synchronize to each other, all still
with θ̇j, for j = 1, 2, 3, 4, as time dependent quan-
tities. The four quantities 〈θ̇j〉 possess numerical
values within the order [10−3 : 10−6]. The numer-
ical values of Kc are measured assuring that the
oscillators are in a partial locking state [Aeyels &
Rogge, 2004; Mirollo & Strogatz, 2005; Chopra &
Spong, 2009]. In particular, the average time evolu-
tion of the frequencies < θ̇j ∼ 10−3 for the case is
shown in Fig. 2(c). The values of the four quantities
〈θ̇j〉 are less than 10−3, as we go from the case in
Fig. 2(c) to the cases in the plots of Fig. 2(b) and
the inset of Fig. 2(a), and as we go from Fig. 2(c) to
Figs. 1(a) and 1(c) as well as the plots in their insets.
The values of 〈θ̇j〉 become ∼ 10−6 when we have
the cases as shown in Fig. 1(b) and the main plot
of Fig. 2(a).

3. Oscillators at a Full Stable Phase
Locking

We write explicitly Eq. (1), for four all-to-all
coupled phase oscillators whenever the frequency
synchronization occurs at a full phase locking,

as

θ̇max = ωmax +
K∗

c

4
[sin∗(θm> − θmax)

+ sin∗(θm< − θmax) + sin∗(θmin − θmax)]

= 0, (2a)

θ̇m> = ωm> +
K∗

c

4
[sin∗(θmax − θm>)

+ sin∗(θm< − θm>) + sin∗(θmin − θm>)]

= 0, (2b)

θ̇m< = ωm< +
K∗

c

4
[sin∗(θmax − θm<)

+ sin∗(θm> − θm<) + sin∗(θmin − θm<)]

= 0, (2c)

and

θ̇min = ωmin +
K∗

c

4
[sin∗(θmax − θmin)

+ sin∗(θm> − θmin) + sin∗(θm< − θmin)]

= 0. (2d)

We take into consideration that the condition∑3
i=1 ωi = 0 is maintained. We label the four fre-

quencies, as mentioned earlier, ωmax > ωm> >
ωm< > ωmin. Thus, the initial frequencies are
{ωmax > ωm> > ωm< > ωmin}, where ωmax and
ωmin are the maximum and the minimum initial
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frequencies, correspondingly, while ωm> and ωm<

are the two oscillators having initial frequencies
in between the maximum and the minimum fre-
quencies. The coupling strength K∗

c is the mini-
mum value of the coupling constant at which the
system is in a synchronized state having a stable
phase locking solution. The four phases are θmax,
θm>, θm< and θmin. All the quantities θj and θ̇j ,
for j = 1, 2, 3, 4, become time independent at K∗

c

[Strogatz, 2018].
In order to examine the numerical findings

searching for the parameters that control K∗
c , we

study the numerical solutions of Eqs. (2) by using
values of frequencies in different ranges of the set
{ωmax, ωm>, ωm<, ωmin}. We are able to calculate
numerically the synchronization coupling constant,
K∗Num

c , by integrating system (2) in several ranges
of the maximum detuning Δmax. We determine
numerically K∗Num

c when 〈(θ̇j(t)− θ̇i(t))〉 ≡ (θ̇j(t)−
θ̇i(t)) ≡ (θ̇j−θ̇i) become time independent and they
possess numerical values of the order 10−6. The
numerical values of K∗Num

c are determined ensur-
ing that the oscillators are in a stable fully phase
locking [Aeyels & Rogge, 2004; Mirollo & Strogatz,
2005].

In order to represent how K∗Num
c depends on

the frequency differences Δmax > 0 and Δm < 0,
we determine numerically K∗Num

c /(Δmax +0.99Δm)
and Δmax/(Δmax + 0.99Δm), where the factor 0.99
exists in front of Δm to avoid any divergence when
the frequency difference quantity Δm comes close
to −Δmax. We plot, in the main graph of Fig. 3,
the computed values K∗

c/(Δmax + 0.99Δm) versus
Δmax/(Δmax + 0.99Δm). As a result, we show, in
the main plot of Fig. 3, the transition into the syn-
chronized states at a total stable phase locking in
terms of the two parameters Δmax and Δm. The
open circles in Fig. 3 denote the calculated values
of K∗Num

c , by integrating numerically system (2),
in different ranges of {ωmax, ωm>, ωm<, ωmin}. The
solid line represents Eq. (3) that shows a good
matching with the numerical data. According to the
findings in the main plot of Fig. 3, we obtain an
approximate expression, for the coupling strength
K∗

c , to be given as

K∗app.
c ≈ Δmax + (Δmax + 0.99Δm) − εo,

where

εo = 1.185(Δmax + 0.99Δm), (3)

Fig. 3. The main plot displays the transition to the syn-
chronous state at the complete stable phase locking. It also
shows the accuracy of the parameters that lead to Eq. (3).
The inset diagram indicates the phase lock condition at the
transition to synchronization.

where the fitting parameters are indicated in the
main diagram of Fig. 3. Then, we test the valid-
ity of the numerical approach that leads to rela-
tion (3), we obtain an error (K*app.

c − K*Num
c ) ≤

±10−1, where K*Num
c is the critical value of cou-

pling computed by numerically integrating Eq. (2)
and K*app.

c is the coupling at a fully phase lock-
ing which is calculated by using Eq. (3). It
should be noted that we used several combinations
other than (Δmax + 0.99Δm) and Δmax/(Δmax +
0.99Δm) but these are the only combinations of the
two parameters Δmax and Δm (as shown in Fig. 3)
which allow us to obtain Eq. (3) with an error
(K*app.

c −KNum
c ) ≤ ±10−1. Therefore, the numerical

findings allow us to suggest that the exact critical
coupling should take the form

K∗
c = Δmax + (Δmax + 0.99Δm) − ξ, (4)

where ξ is an unknown factor. Equation (4) shows
that the coupling factor K∗

c depends on the fre-
quency difference Δmax = (ωmax −ωmin) [Chopra &
Spong, 2009] as well as the frequency difference
Δm = (ωm< − ωm>), in addition to an indetermi-
nate amount ξ. In order to have an exact expression
of K∗

c , the quantity ξ must be determined exactly
and it has to depend on both Δmax and Δm, in a
different way than the term εo [as shown in Eq. (3)]
and/or ξ must depend on other additional parame-
ter(s) other than both Δmax and Δm.
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We calculate the phase differences at K∗Num
c

as presented in Eq. (2), where the state of full
phase locking is assured and the stability condi-
tions [Aeyels & Rogge, 2004; Mirollo & Strogatz,
2005] are fulfilled. We always find that (θmax −
θmin)∗ ∼ π/2, and principally (θmax − θmin)∗ is in
the interval [1.527 : 1.551], where (θ̇max − θ̇min)
is of the order of 10−6. In this situation, we find
sin(θmax − θmin)∗ is in the interval [0.999 : 0.9997],
for all values of initial frequencies and in differ-
ent ranges of {ωmax, ωm>, ωm<, ωmin}; i.e. different
widths [ωmin : ωmax]. We demonstrate the behavior
of (θmax − θmin)∗ at the inset plot of Fig. 3 at the
complete frequency synchronization, when we plot
sin∗(θmax − θmin) versus Δmax/(Δmax + 0.99Δm).
According to the results in the inset diagram of
Fig. 3 at K∗

c , we are able to define the phase lock
condition, as it directly comes from the results in
the inset of Fig. 3. This phase lock condition is

(θmax − θmin)∗ ∼= π

2
, (5)

which corresponds to the quantity Δmax = (ωmax −
ωmin) > 0 at the moment the oscillators transit
to synchronization when the full phase locking is
maintained.

Equations (3) and (4) indicate that the quan-
tities Δmax and Δm control the value of K∗

c .
For the best approximation, we can consider
sin∗(θmax − θmin) = 1. Thus, we depend on Eq. (2)
to rewrite the difference equations of Δmax and
Δm, when the condition (5) is satisfied. The four
relations in Eq. (2) allow us to write the following
relations,

4Δmax

K∗
c

+ sin∗(θm> − θmax)

+ sin∗(θm< − θmax) − sin∗(θm> − θmin)

− sin∗(θm< − θmin) − 2 ∼= 0 (6a)

and

4Δm

K∗
c

+ sin∗(θmax − θm<)

+ 2 sin∗(θm> − θm<) + sin∗(θmin − θm<)

− sin∗(θmax − θm>) − sin∗(θmin − θm>) ∼= 0.

(6b)

It should be pointed out that further improving
of Eq. (3) can be achieved to get closer values of

K∗
c to the values K∗Num

c but in terms of Δmax and
Δm in addition to other quantities Δ′s. However,
we go to analytic investigation taking the oppor-
tunity that the numerical findings guide us to use
Eqs. (5) and the equations containing Δmax, Δm,
ωmax, ωmin, ωm> and ωm<. This is because the sys-
tem of four all-to-all coupled phase oscillators con-
tains six quantities of phase differences that allow to
apply trigonometric relations and identities in order
to do analytic work at K∗

c .

4. Analytic Solution at a Full Stable
Phase Locking

Based on the outcomes of Eqs. (3)–(6), we have
to use Eqs. (2) and the phase lock condition (5),
in order to obtain an analytic formula for the
coupling constant at the occurrence of complete
frequency synchronization when the stable phase
locking solution is provided. Specifically, first we
focus on Eqs. (2a), (2b) and (6a) which include
the quantities ωmax and ωmin and Δmax. Second,
we use relations (2b), (2c) and (6b) which incor-
porate ωm>, ωm< and Δm. These two steps are
necessary to find a mathematical equation which
can be solved leading to an analytic expression for
the coupling value K∗

c . Therefore, at the instant
of a complete frequency synchronization when a
total phase locking is satisfied, we rewrite Eqs. (2a)
and (2b) as

sin∗(θm> − θmax) + sin∗(θm< − θmax) = 1 − 4ωmax

K∗
c

and

sin∗(θm> − θmin) + sin∗(θm< − θmin) =
4ωmin

K∗
c

+ 1,

where we employ the phase lock condition (θmax −
θmin)∗ ∼= π/2 and hence for the best approxima-
tion sin∗(θmax−θmin) = 1. Squaring both equations
above and adding them, taking into consideration
Eq. (6a), we obtain

cos∗(θm< − θm>)

=
−4K∗

cΔmax + 8(ω2
max + ω2

min)
K∗2

c

. (7)

Then, at the moment the oscillators are in a full
phase locking state, we use Eqs. (2b) and (2c) and
writing them as

sin∗(θm> − θmax) + cos∗(θm> − θmax)

= sin∗(θm< − θm>) +
4ωm>

K∗
c

2350005-7



February 2, 2023 10:57 WSPC/S0218-1274 2350005

M. S. Mahmoud et al.

and

sin∗(θmin − θm<) + cos∗(θmin − θm<)

= sin∗(θm< − θm>) − 4ωm<

K∗
c

.

Squaring and taking the difference, concerning
Eqs. (5) and (6), we obtain

sin∗(θm< − θm>)

= −Δm(K∗2
c − 4K∗

cΔmax + 8(ω2
max + ω2

min))
Kc(K∗

cΔmax − 4(ω2
max + ω2

min))
.

(8)

From both Eqs. (7) and (8), we arrive at the follow-
ing fourth order polynomial

K∗4
c (Δ2

max − Δ2
m) + 4K∗3

c Δmax(Δ2
m + Δ2

max

− 2(ω2
max + ω2

min)) − 8(K∗2
c (ω2

max + ω2
min))

× (5Δ2
max + Δ2

m − 2(ω2
max + ω2

min))

+ 128K∗
cΔmax(ω2

max + ω2
min)

2

− 128(ω2
max + ω2

min)
3 = 0. (9)

In view of the estimated Eq. (3) and the suggested
Eq. (4), we can write the accepted solution of (9) to
give the correct expression for K∗

c in terms of both
Δmax, Δm and ξ as

K∗
c = Δmax + (Δmax + 0.99Δm) − ξ,

where

ξ = L − (M − ΔmaxN +
√

(P1 + P2)N)
(Δ2

max − Δ2
m)

,

L = 2Δmax + 0.99Δm,

M = Δ3
max − Δmax(Δ2

m − 4ωmaxωmin),

N =
√

9Δ4
max + Δ4

m − 10Δ2
mΔ2

max + 24ωmaxωmin(Δ2
max − Δ2

m) + 16ω2
maxω

2
min,

P1 = 6Δ6
max − 4Δ2

mΔ4
max − 2Δ4

mΔ2
max − 8Δ4

mωmaxωmin + 8Δ4
maxωmaxωmin

and

P2 = 32Δ2
mω2

maxω
2
min + 2(Δ4

max − Δ2
mΔ2

max − 4Δ2
mωmaxωmin). (10)

Equation (10) enables to calculate the exact val-
ues of the coupling factor K∗

c at the full phase
locking. Additionally, in Eq. (10), the term ξ is
given exactly, which shows a dependency on Δmax,
Δm in addition to quantities ωmax and ωmin. Rela-
tion (10) also allows to draw a diagram, similar to
the one displayed in Fig. 3, that demonstrates how
the oscillators transit to complete synchronization
at a stable full phase locked state for any set of ini-
tial frequencies {ωmax, ωm>, ωm<, ωmin}. Also, this
Eq. (10) will permit to verify exactly the values of
the coupling constant K∗

c in comparison to their
numerically calculated data by integrating Eq. (2)
resulting in a small error between the exact and the
computed values of K∗Num

c . Equation (10) shows
that the coupling constant at the full phase lock
is a function K∗

c ≡ K∗
c(Δmax,Δmin, ωmax, ωmin).

However, before drawing a plot to validate for-
mula (10), we must resolve the divergence problems
that appears in computing the term ξ due to the
presence of 1/(Δ2

max −Δ2
m). In particular, Eq. (10)

experiences a computational divergence in the range
−0.996Δmax > Δm > −Δmax, where the term ξ
is blown up. In order to overcome this divergence
problem in the term ξ, we study the solution of (9)
with Δm in the range −0.996Δmax > Δm > −Δmax.
As a consequence, the solution of (9), in this case,
leads to a valid expression of K∗

c which takes the
form

K∗
c = Δmax + (Δmax + 0.99Δm) − ξ

=
2Δmax

1 +

√
2 − Δ2

m

Δ2
max

,

where

ξ = 2Δmax + 0.99Δm − 2Δmax

1 +

√
2 − Δ2

m

Δ2
max

. (11)
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Fig. 4. The graph shows how the oscillators depart to the
synchronization at a full phase locking depending on the fre-
quency differences Δmax and Δm, in addition to the fre-
quencies ωmax and ωmin according to Eqs. (10) and (11).
The data computed numerically are shown in the plot. The
ranges, where the relations (10) and (11) remain acceptable,
are marked in the plot.

Therefore, we use Eq. (11) to calculate K∗
c as soon

as we find a divergence of the term ξ upon using
Eq. (10), which includes 1/(Δ2

max−Δ2
m), at a range

−0.996Δmax > Δm > −Δmax.
We use Eqs. (10) and (11) to draw the dia-

gram as seen in Fig. 4 to illustrate the transition
to a full phase locking state where oscillators are
in synchronization, for any frequency differences
Δmax and Δm as well as any frequencies ωmax

and ωmin. The diagram in Fig. 4 shows a plot of
K∗

c/(Δmax + 0.99Δm) versus (Δmax − ξ)/(Δmax +
0.99Δm). Equation (10) is computationally valid in
the range 0 ≥ Δm ≥ −0.966Δmax (solid black line),
while formula (11) is applicable when −Δmax <
Δm < −0.966Δmax (black dotted-line). It is clearly
indicated in Fig. 4 that we find a complete agree-
ment between K∗

c (analytic) and K∗Num
c (calcu-

lated numerically). The numerical data, obtained by
using Eq. (2) in the range 0 ≥ Δm ≥ −0.966Δmax,

is shown as circles while those points computed in
the range Δmax < Δm < −0.966Δmax are plot-
ted as triangles. Figure 4 displays the matching
between the numerically calculated data (circles
and triangles) and Eqs. (10) and (11), which are
represented by the solid black line and the black
dotted-line, respectively. We refer, in Fig. 4, to the
point where the term ξ diverges at the (73.8404,
74.3404) coordinates. In Fig. 4, the zone above the
solid lines represents the complete frequency syn-
chronized states at a stable phase locking solution.
Equations (10) and (11) together in the full range
of (Δmax − ξ)/(Δmax + 0.99Δm) represent the bor-
der when the effective coupling passes (K > K∗

c),
the oscillators go to a stable state of complete phase
locking. When K < K∗

c the system is in an unsta-
ble state of a partial phase locking [Aeyels & Rogge,
2004; Mirollo & Strogatz, 2005].

Expressions (10) and (11) explain the suitabil-
ity of the numerical approach that leads to find
Eqs. (3) and (4). However, formulas (10) and (11)
allow to obtain exactly the term ξ that gives the cor-
rect K∗

c instead of the terms εo and the unknown
factor ξ in Eqs. (3) and (4), respectively. Hence-
forward, relations (10) and (11) give the closest
match between the analytically calculated K∗

c and
the numerically computed K∗Num

c . We find an error
|K∗

c − K*Num
c | is in a range [5 × 10−4 : 10−5]. This

is because the system of four all-to-all coupled phase
oscillators contains six phase differences that allows
to apply trigonometric relations and identities in
order to do analytic work at K∗

c .

5. Phase Differences at a Full Stable
Phase Locking

At the moment the oscillators transit to a syn-
chronous state, the phase lock condition sin∗(θmax−
θmin) = 1 takes place. Also, we know the correct
expressions for K∗

c . Therefore, we can calculate all
the phase differences at the moment the frequency
synchronization occurs. Consequently, at the cou-
pling value K∗

c , we have the following relations

sin∗(θmax − θmin) ∼= 1,

sin∗(θm> − θmax) =

K∗
c − 4ωmax − (K∗

c + 4ωmin)

√
K∗2

c + 4KcΔmax − 8(Δ2
max + 2ωmaxωmin)

K∗2
c − 4K∗

cΔmax + 8(Δ2
max + 2ωmaxωmin)

2K∗
c

,
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sin∗(θm< − θm>) = −Δm(K∗2
c − 4K∗

cΔmax + 8(Δ2
max + 2ωmaxωmin))

K∗
c(K∗

cΔmax − 4(Δ2
max + 2ωmaxωmin))

,

sin∗(θmin − θm<) =

K∗
c + 4ωmin − (K∗

c − 4ωmax)

√
K∗2

c + 4K∗
cΔmax − 8(Δ2

max + 2ωmaxωmin)
K∗2

c − 4KcΔmax + 8(Δ2
max + 2ωmaxωmin)

2K∗
c

,

sin∗(θm< − θmax) =

K∗
c − 4ωmax + (K∗

c + 4ωmin)

√
K2

c + 4KcΔmax − 8(Δ2
max + 2ωmaxωmin)

K∗2
c − 4K∗

cΔmax + 8(Δ2
max + 2ωmaxωmin)

2K∗
c

and

sin∗(θmin − θm>) =

K∗
c + 4ωmin + (K∗

c − 4ωmax)

√
K∗2

c + 4K∗
cΔmax − 8(Δ2

max + 2ωmaxωmin)
K∗2

c − 4K∗
cΔmax + 8(Δ2

max + 2ωmaxωmin)

2K∗
c

,

(12)

which can be used to calculate the phase differ-
ences at the effective coupling K∗

c . Particularly,
in order to use the relations in (12), we substi-
tute K∗

c by either employing the relation (10) in
the range 0 ≥ Δm > −0.966Δmax or we use for-
mula (11) instead, which is applicable in the range
−Δmax < Δm < −0.966Δmax.

6. Discussion

Equations (10) and (11) characterize the edge
between the stable state of complete phase lock-
ing and the unstable partial phase locking state.
Expressions (10) and (11) give the values of the
coupling factor K∗

c , for four nonidentical oscilla-
tors, in the neighborhood of, but less than, Δmax

(K∗
c ∼ Δmax) for three cases where some oscilla-

tors have closed values of initial frequencies. The
first case results when the oscillators have values
of initial frequencies ωmax ∼ −ωmin, ωm> � ωmax

and ωm< � ωmin, where Δm � −Δmax. The sec-
ond case happens as Δm ∼ 0 and when the condi-
tions ωmax ∼ −3ωmin and ωm> ∼ ωm< ∼ ωmin are
maintained. The third case occurs when conditions
ωmin ∼ −3ωmax and ωm> ∼ ωm< ∼ ωmin are pre-
served and Δm ∼ 0. All previous three cases have
features of initial frequencies which are far from
being equal to the common frequency value which
the oscillators possess at synchronization. Addition-
ally, there is a final case, where Eqs. (10) and (11)
provide values for the coupling strength K∗

c which
approaches 2Δmax/(1 +

√
2) ∼ 0.8285Δmax when

the oscillators have the conditions Δm close to zero,

ωmax ∼ −ωmin and ωm> ∼ −ωm< ∼ 0. This last
case is characterized by two initial frequencies being
far from the common frequency and two initial fre-
quencies very close to it.

These proceeding observations suggest that a
further study is needed for the situations of cou-
pled phase oscillators when the previously men-
tioned cases are noticed. Also, further studies are
required to investigate the special cases when some
oscillators have equal initial frequencies. Particu-
larly, the studies must show how the three cases of
initial frequencies far from the common frequency
value are different in comparison to the case of two
initial frequencies being close to the common fre-
quency value. They also must show how the oscilla-
tors are approaching synchronization in the cases:
(1) ωmax = −ωmin, ωm> = ωmax, ωm< = ωmin and
Δm = −Δmax. (2) Δm = 0, ωmax = −3ωmin and
ωm> = ωm< = ωmin. (3) Δm = 0, ωmin = −3ωmax

and ωm> = ωm< = ωmin. (4) Δm = 0, ωmax =
−ωmin and ωm> = −ωm< and, ωm> and ωm< are
starting to be close to zero or ωm> = ωm< = 0.

Additional examinations have to be conducted
in general not only at K∗

c but also at K∗
c ≥ K ≥ Kc

in order to analyze how the oscillators arrive at
synchronization either at the incomplete phase lock
states or at the fully phase locking. The numeri-
cal examinations of system (2) indicate clearly the
starting of synchronization at the critical coupling
Kc, which is close to the same as K∗

c when the oscil-
lators’ initial frequencies are far from the common
frequency value. On the other hand, the numerical
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investigations of system (2) at critical coupling,
when some initial frequencies are close to the com-
mon frequency value, show that Kc < K∗

c . The dif-
ference between Kc and K∗

c starts to increase as
middle frequencies become closer to the common
frequency. The maximum difference between Kc

and K∗
c approaches 0.059 in the case of conditions

Δm close to zero, ωmax ∼ −ωmin and ωm> ∼ −ωm<.
The availability of the expressions (10) and (11)
valid for calculating K∗

c will help to obtain a for-
mula for calculating the values of the critical cou-
pling Kc, where synchronization starts. Also, the
detailed stability analysis have to be carried out for
all values of K∗

c ≥ K ≥ Kc and in different ranges
of Δmax for different sets of {ωmax, ωm>, ωm<, ωmin}
including the special cases of some frequencies being
equal.

The study of the individual oscillators at K∗
c

and Kc, considering their phase differences, will
help to recognize the dynamics when the oscillators
start to fall into synchronization. This study has
to be carried out knowing relations (12) that allow
examining the phase differences at K∗

c and compar-
ing these examinations with the numerical results
of the phase differences at Kc. This will help to
understand more about the difference between the
complete phase locking and partially phase locking
states for the four coupled all-to-all oscillators, espe-
cially when the difference between K∗

c and Kc starts
to be noticeable. Also, the analysis of the phase
shifts between phase differences at K∗

c and that at
Kc will help to grasp synchronization procedures.
Furthermore, in future works we will explore fur-
ther recognition of the behavior of the four-coupled
phase oscillators and we will obtain an expression
for Kc.

7. Conclusion

We have studied a system of four globally cou-
pled phase oscillators within the Kuramoto model
at the transition to synchronization for a fully
phase locking. The numerical study helps to dis-
tinguish the main frequency differences that rule
the coupling strength K∗

c . Also, the numerical cal-
culations help to obtain the approximate expres-
sion (3) which allows us to calculate the values of
K∗

c that have a small fluctuation around the accu-
rate value of the coupling factor at the complete
phase locked states. Then we are able to identify
the phase lock condition, where the phase difference

(θmax − θmin)∗ ∼ π/2 at the full phase locking state
corresponds to the maximum frequency difference
Δmax. This phase lock condition allows us to use
the proper equations to express the time evolution
of phases and the time evolutions of the phase dif-
ferences to obtain a fourth order polynomial of the
critical coupling. Therefore, we are able to find a
valid solution, for the given fourth order polyno-
mial (9), to obtain mathematical expressions for
the effective coupling Kc where the correct expres-
sions (10) and (11), for the coupling constant at a
full phase locking, show dependencies on the initial
frequencies of the four oscillators. In Eq. (12) we
obtain explicit relations for the phase differences,
when the phase lock condition occurs at the transi-
tion to a stable phase locking.

The results found here will help to obtain solu-
tions, at synchronous states, for a small number of
globally coupled phase oscillators, where the num-
ber of oscillators is too small to use mean field calcu-
lations. Having more understanding of the dynamics
of a few coupled phase oscillators will help to realize
synchronization mechanisms, at the full phase lock
states, for a finite, but small, number of oscillators.
Thus, for a small number of globally coupled oscil-
lators, the numerical approach that leads to Eq. (3)
can be used to estimate solutions in cases where
we encounter difficulties to obtain an analytic solu-
tion. The numerical computations and simulations
in this case facilitate obtaining solutions because
the number of phase difference quantities increases
rapidly as the number of oscillators increases. This
will introduce difficulties in utilizing trigonometric
identities in order to have analytic solutions. Also,
the numerical work will help in the study of phase
differences as well as the shifts between the phase
differences that may lead to relations that link some
phase differences to some quantities of frequency
differences. Thus, the determination of the coupling
factor for four all-to-all Kuramoto oscillators at a
full phase locking will help to obtain a formula
for the critical coupling Kc at which the oscilla-
tors start to synchronize but having an unstable
phase lock. Furthermore, the realization of stable
synchronization procedures of four-coupled oscilla-
tors will help, in case of a few oscillators, to under-
stand how these oscillators fall into synchronous
states when they have initial frequencies far from
or close to the mean frequency value. Moreover,
being familiar with the mechanisms of synchro-
nization, at a complete phase lock, of four-coupled
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phase oscillators will help to realize the synchro-
nization features and stability investigations for a
larger number than four not only for the globally
coupled systems of oscillators but also for systems of
nearest neighbors coupled oscillators in a ring either
in cases of bidirectional coupling or in situations of
unidirectional coupling. The frequency synchroniza-
tion mechanisms for a limited number of oscillators,
might strengthen the construction of systems which
function in various applications [Kreinberg et al.,
2019; DeTal et al., 2019; Blanter & Shnirman, 2020;
Frolov et al., 2020].
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