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We consider a Kuramoto model of four-coupled oscillators of nonidentical initial frequencies.
Under the influence of coupling, the oscillators fall into a full phase locked state of a common
frequency when the coupling strength surpasses a threshold value. We find numerically the
parameters that control this distinguishable coupling constant at the moment the oscillators
transit into an entire frequency synchronization when a complete phase lock state takes place.
We are able to set apart a recognizable phase condition at the fully locked state. This phase
condition helps to derive an analytic formula to calculate the coupling factor as soon as the
oscillators depart to a full phase locking state. The explicit expression of the edge coupling
factor is given in terms of the initial frequencies of the four oscillators. The formula valid for
calculating the distinct coupling allows to find mathematical expressions to calculate the phase
differences when the four-coupled phase oscillators are strictly at the full phase locked state and
have a common frequency synchronization.

Keywords: Frequency synchronization; Kuramoto model; coupled phase oscillators.

1. Introduction in the above-mentioned scientific fields are dissim-

The dynamics of many systems, which appear in ilar, they can successfully, under an assumption of

physics, chemistry, biology, engineering, technology, _
social relations, etc., are modeled by coupled oscil- ~ model of all-to-all COUDled hase oscillators [Guo

lators %r%gg@: 2018; [Csaba & Porod. [2020; Thiem et al., 12021; Vel Q_dmit_@d
et al., ]. Although the mechanisms of dynamics ; ILatifpour & Miri, IZLL)d Heggli et alJ IZD_Q

fAuthor for correspondence

weak coupling, be described by using the Kuramoto
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Jang et all, [2019; [Witthaut et all, IZM]. An inter-
esting feature that is common in the formerly

stated systems is synchronization [Wiesenfeld, 2020

Wu & Li I2Q2L Yan iu. 2020; Young-Pil &
Zhuchunm letti , ;,
], where the coupled phase oscillators possess
a common frequency under the impact of cou-
pling. The synchronous feature of oscillators at a
full phase locked state takes place once the cou-
pling factor exceeds a significant threshold value.
It is essential to examine the coupled phase oscilla-
tors to understand the transition to the full phase
locking.

A system of three-coupled phase oscillators is

analyzed in [Maistrenko et al, 2004], which was
later solved analytically [El-Nashar, 2016, [2017] at

a phase lock state. In particular, once the complete
frequency synchronization is achieved, it is possible
to find an analytic expression of the marked cou-
pling constant, at the phase locked state, and conse-
quently the phase differences in terms of the initial
frequencies of the oscillators. In addition, know-
ing the formula of this distinct coupling value and
phase differences, in case of three oscillators, allows
to understand quantitatively the mechanism that
leads to synchronization and how the oscillators
are phase locked at a saddle-node bifurcation [El-
Nashar, DM] However, in the case of three-coupled
phase oscillators, the local and global coupling are
the same, while in the systems of a few coupled
phase oscillators larger than three, the difference
between the locally and globally coupled cases will
appear. Systems of a few coupled phase oscillators
have been attracting attention from a fundamental
and a practical point of view in numerous fields,
where synchronization emerges Huang & ZadehL
2020; [Gourary & Rusakov. 2020: [Scholes. [2020: Yap
et al., ] The stability of the full phase locked
state |Aeyels & Roggd, 2004; Mirollo & Strogatd,
M], in the case of a finite number of coupled phase
oscillators, shows the existence of a stable full phase
lock solution when the coupling passes a certain spe-
cific value. Therefore, the answer to the issues, how
to distinguish the full phase lock solution and what is
the explicit formula valid to calculate the coupling
strength at the phase locking and hence the phase
differences, will provide further steps towards the
understanding of the dynamics of the coupled phase
oscillators. Thus, this goal can be achieved when
we perform a detailed study considering synchro-
nization at a phase locking state of a few all-to-all

coupled phase oscillators starting from four globally
coupled phase oscillators.

A system of four all-to-all coupled phase oscil-
lators was examined in [Maistrenko et all, 2005],
where the synchronization mechanism was investi-
gated. However, there are no exact analytic solu-
tion at the full phase locking, for a system of four-
coupled Kuramoto oscillators, neither to present
an expression for calculating the coupling factor
nor to account for the phase differences at the full
phase locked state. Understanding the synchroniza-
tion of the four Kuramoto oscillators may introduce
additional realization of the synchronization mech-
anisms in systems of a few and a finite number of
coupled phase oscillators, which will have remark-
able results. The Kuramoto model, for four oscilla-

tors is defined as ; ]

4

S osin0-0), (1)

=L

. K
0. = w. + —
J WJ+4

where K is the coupling constant, w; and 6; repre-
sent the phase and initial frequency, respectively,
for an oscillator and 6; acts for the time evolu-
tion of the phase. As the coupling strength K
increases, the oscillators remain desynchronized.
When K reaches a critical coupling K. the oscilla-
tors begin to synchronize and hence K. marks the
onset of partial locking and once K finally attains
K%, the full phase locking is developed [Aeyels &
Rogge, 2004; Mirollo & Strogatz, [2005]. In order
to understand quantitatively the transition into a
stable phase locking state, the determination of the
marked threshold coupling parameters, K. and K,
is crucial. According to system (II), when the initial
frequencies are nonidentical (the oscillators have
unequal initial frequencies prior to coupling), a com-
plete frequency synchronization to a common fre-
quency w, starts to exist at a value of the coupling
constant K7, when a certain stable phase lock state
appears, where w, = (1/4) Z?:l w;. The explicit
formula for the coupling constant K is not known.
As clearly seen in Eq. (), the coupling term, that
affects the time evolution of the phase of each oscil-
lator, depends on K as well as the phase differences.
The determination of an explicit expression for the
coupling constant, for a general set of the initial fre-
quencies {w;} that satisfies (1/4) Z?Zl Wj = Wo, at
the transition to the entire phase locked state will
help to comprehend the mechanism of the phase
dynamics and hence will explain how the oscillators
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fall into synchronization when the coupling reaches
the effective coupling K. Also, the determination
of an explicit formula for K7 will offer not only a
framework to understand the feature of the oscilla-
tor’s synchronization just below K7 but also pro-
vides the basis to determine the coupling strength
K.. Therefore, the examination of the Kuramoto
model of all-to-all four coupled phase oscillators will
help to promote additional understanding of the
intrinsic dynamics of a few globally coupled phase
oscillators. Thus, understanding the synchroniza-
tion phenomena in a few all-to-all coupled phase
oscillators will explore the processes that lead to
synchronization in a Kuramoto model of a finite
number of oscillators.

In this work, we study four globally coupled
phase oscillators of unequal initial frequencies at
the transition to synchronization at full phase lock-
ing. We start analyzing numerically the frequency
synchronization of the four-coupled phase oscilla-
tors. Numerical solutions of system (Il) are neces-
sary because it allows determining the important
parameters that control the effective coupling value
at a total phase locked state by finding an approxi-
mate expression for the efficient coupling value K7.
Also, the numerical investigations guide us to search
for the stable phase lock [Aevels & nggé, 2004

i , 12005] situations at the com-
plete phase locking solution. We find the phase lock
condition, which enables us to derive an explicit
expression for computing the coupling factor K.
The expression for the marked coupling strength
K shows that it depends on the initial frequencies
of the individual oscillators. In addition, we are able
to obtain formulas for calculating the phase differ-
ences at the appearance of the synchronization at
the total phase locking state.

This work is organized as follows: In Sec. 2]
we demonstrate the synchronization trees for dif-
ferent configurations of the four-coupled oscillators.
In Sec. Bl we present a numerical approach to find
the most effective parameters (depending on initial
frequencies) that decide mainly the values of K.
This numerical work allows to obtain an approxi-
mate expression to compute the values of the crit-
ical coupling K. Also, we are able to specify the
phase lock condition at the moment the oscillators
synchronize in a stable state of full phase locking.
In view of the results as per the numerical approach
(Sec. @), in Sec. @ we present a method to obtain
an explicit mathematical expression for the critical

coupling constant. In Sec. B we find formulas for
calculating the phase differences at the stage of syn-
chronization at a full phase locked state. In Sec. [G],
a discussion is presented. In Sec. [7, a conclusion is
given.

2. Frequency Synchronization Trees

We write the initial frequencies wj, j = 1,2,3,4,
for four oscillators, as wWmax > Wm> > W< > Whin,
where we use the condition (Wmax + Wms> + W< +
wmin) = 0 which does not change the general feature
of the original system ([II). We define the maximum
frequency detuning quantity Ayax = (Wmax —Wmin),
where Apnax > 0. We also define the frequency dif-
ference between the two middle oscillators A,, =
(Wm< — Wms), where —Apax < A, < 0. We also
define the other two frequency differences A, =
(Wm>—Wmax) and Ay = (Wmin—wm< ), where A, <0
and Ad < 0.

System ([I]) has several patterns, that show the
routes from desynchronization to synchronization,
according to the values of the initial frequencies
Wiax, Wm>, Wm< and wpin. In Fig. [ we plot the
quantities (6;) versus K, where we show the critical
coupling K, that indicates the onset of partial lock-
ing. There are six different patterns in Fig. [, where

the four different quantities (Omax) ~ (Om>) =~
(Om<) =~ (Omin). We indicate, in the legends of all
graphs of Fig. [I, the conditions for each pattern.
Figure [[a) shows in the main plot the three oscil-
lators of initial frequencies wmayx, Wm> and wy,<
meeting oscillator of an initial frequency wmin at K.
while in the inset of Fig. [l(a), we depict the case of
one oscillators of an initial frequency wyax that syn-
chronizes to the three oscillator of wy,~, wmnm< and
Wmin- In Fig. [l(b), we introduce in the main graph
a case when three oscillators of wyax = Wms = W<
synchronize to the fourth oscillator of wyi,, where
Wmin = —3Wmax- 10 the inset of Fig.[[l(b), we demon-
strate the synchronization of the four oscillators
that have wpax and wp,s = Wme = Wmin, Where
Wmax = —3Wmin. LThe main plot of Fig. [Ii(c) demon-
strates the synchronization of two oscillators com-
ing from above (wmax and wp,~ of a larger sep-
aration) to meet the other two oscillators which
are approaching from below (w;,« and wpyi, of a
smaller separation). The inset of Fig. [[l(c) presents
a synchronization of two oscillators that are com-
ing from above (wmax and wy,~ of a smaller sepa-
ration) to meet the other two oscillators which are
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Fig. 1. Plots of (6;) versus K for six different patterns in the diagrams (a)—(c) and their insets. The different conditions of

the initial frequencies and the frequency differences are indicated in each graph and its inset. Only the two cases in the plot
(b) and its inset possess K. = K. The other two plots (a) and (c) and their insets have K. < K.

approaching from below (w;,« and wpyi, of a larger
separation). In all graphs of Figs. [l(a) and [Ic),
and their insets, we show the values of the mini-
mum couplings K. and K that represent the occur-
rence of the partial phase locking and the full phase
locking, where K. < K, correspondingly. In the
plots of Fig. [[(b), we demonstrate the case when
K. = K. In Fig. [ we show other six cases of
different configurations of the initial frequencies of
the four oscillators, where the four different quan-
tities (Omax) = (Om>) >~ (Om<) >~ (Omin) at K. (the
beginning of the partial phase locking). We show,
in the legends of all plots of Fig. 2 the conditions
for each pattern. Figure 2(a) demonstrates the case

of the synchronization of oscillators that have ini-
tial frequencies of wax = wps and Wy« = Whin,
where wiax = —wWmin and wy;,~ = —wm<. The inset
of Fig. (a) shows the case where the four oscil-
lators meet at K. once the initial frequencies are
Wmax = ~Wmin, Wm> = —~Wm<, Wmax 7 Wm> and
W< # Wmin. In the plot in Fig. B(b), we show the
case when the two inner oscillators have closer ini-
tial frequencies w,,~ = —wm< and the outer two
oscillators have initial frequencies wmax = —Wmin.
Figure [(c) shows the synchronization of the four
oscillators that have wpax = —wWmin and wy,~> =
Wm< = Wo. In the main graph of Fig. Qa), we
present the case when K. = K7, where K. and K7
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(a)~(c) Three different graphs of (;) against K for four different patterns. In the diagrams we show the initial fre-

quencies and the frequency differences of each plot. The cases which are shown in the main plot of (a) shows K. = K while

the other graphs show K. < K.

represent the occurrence of the partial phase lock-
ing and the full phase locking, respectively. In the
inset of Fig. Rla) and the diagrams of Figs. [[l(a)
and [Ii(c), we show the values of the coupling con-
stants K. < K7.

In all plots of Figs. Il and 2, and their insets,
we indicate K. in the graphs, where the oscillators
start to partially synchronize to each other, all still
with 0;, for j = 1,2,3,4, as time dependent quan-
tities. The four quantities <9]> possess numerical
values within the order [1073 : 107%]. The numer-
ical values of K. are measured assuring that the
oscillators are in a partial locking state [Aeyels &
Rogge, 12004: Mirollo_ & Strogatz, 12005: Chopra &
Spong, ]. In particular, the average time evolu-
tion of the frequencies < 0 ~ 1073 for the case is
shown in Fig. 2(c). The Values of the four quantities
(6;) are less than 1073, as we go from the case in
Fig. 2(c) to the cases in the plots of Fig. RIb) and
the inset of Fig.[2(a), and as we go from Fig.[2(c) to
Figs.[l(a) and[lc) as well as the plots in their insets.
The values of (4;) become ~ 1076 when we have
the cases as shown in Fig. [[b) and the main plot
of Fig. 2l(a).

3. Oscillators at a Full Stable Phase
Locking
We write explicitly Eq. (), for four all-to-all

coupled phase oscillators whenever the frequency
synchronization occurs at a full phase locking,

as
s = s+ 5 50 (O — )
+8in" (Bne — Omax) + 50" (Omin — Omax)]
=0, (2a)
B> = Wins + Tz[sin* (Omax — Om>)
+sin* (O — Orp>) + sin* (Omin — Om> )]
=0, (2b)
Om< = W< + 4* [sin" (Omax — Om<)
+sin* (0> — Om<) + sIn* (Opmin — Om< )]
=0, (2c)
and
Omin = Wnin + Tz[sin*(emax — Omin)
+sin* (0> — Omin) + Sin* (O — Omin )|
=0. (2d)

We take into consideration that the condition
Z?Zl w; = 0 is maintained. We label the four fre-
quencies, as mentioned earlier, wmax > Wps >
Wm< > Wmin. Thus, the initial frequencies are
{Wmax > Wm> > Wm< > Wmin}, where wpay and
Wmin are the maximum and the minimum initial
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frequencies, correspondingly, while w,,~ and wy,«
are the two oscillators having initial frequencies
in between the maximum and the minimum fre-
quencies. The coupling strength K is the mini-
mum value of the coupling constant at which the
system is in a synchronized state having a stable
phase locking solution. The four phases are O ax,
m>7 Om< and Onin. All the quantities ¢; and 9],

E = 1,2, 3 4 become time mdependent at K

In order to examine the numerical findings
searching for the parameters that control K7, we
study the numerical solutions of Eqgs. (2] by using
values of frequencies in different ranges of the set
{Wmax, Wm>, Wm<,wmin}. We are able to calculate
numerically the synchronization coupling constant,
KNum by integrating system (&) in several ranges
of the maximum detuning Amax.' We  determine
numerically KN when ((0;(t) —0;(t))) = (0;(t) —
0:(t)) = (6;—6;) become time independent and they
possess numerical values of the order 107%. The
numerical values of KN are determined ensur-
ing that the oscillators are in a stable fully phase

locking [Aeyels & Rogegd, 2004; Mirollo & Strogatz,
00F]

In order to represent how K*N'™ depends on
the frequency differences A > 0 and A, < 0,
we determine numerically K*N" /(A +0.99A,,)
and Apax/(Amax + 0.99A,,), where the factor 0.99
exists in front of A,, to avoid any divergence when
the frequency difference quantity A,, comes close
to —Amax- We plot, in the main graph of Fig. Bl
the computed values K /(Apax + 0.99A,,) versus
Amax/(Amax + 0.99A,,). As a result, we show, in
the main plot of Fig. 3, the transition into the syn-
chronized states at a total stable phase locking in
terms of the two parameters A . and A,,. The
open circles in Fig. [3 denote the calculated values
of KN by integrating numerically system (2)),
in different ranges of {wmax, Wm>,Wm<,Wmin}. The
solid line represents Eq. ([B) that shows a good
matching with the numerical data. According to the
findings in the main plot of Fig. [3] we obtain an
approximate expression, for the coupling strength
K7, to be given as

KZPP =~ Apax + (Amax + 0.99A,,) — €,
where

€o = 1.185(Amax + 0.99A,,), (3)

100
| o DataEq. (2)

y=ax-b
a=1.001 +0.005
b=0.185 £ 0.013

90 +
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<
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Fig. 3. The main plot displays the transition to the syn-
chronous state at the complete stable phase locking. It also
shows the accuracy of the parameters that lead to Eq. ().
The inset diagram indicates the phase lock condition at the
transition to synchronization.

where the fitting parameters are indicated in the
main diagram of Fig. Bl Then, we test the valid-
ity of the numerical approach that leads to rela-
tion (F), we obtain an error (KPP — K Num) <
+107!, where K,N"™ is the critical value of cou-
pling computed by numerically integrating Eq. (2)
and K,*P” is the coupling at a fully phase lock-
ing which is calculated by using Eq. (@).
should be noted that we used several combinations
other than (Apax + 0.99A,,) and Apax/(Amax +
0.99A,,,) but these are the only combinations of the
two parameters Ay .y and A, (as shown in Fig. [)
which allow us to obtain Eq. ([B) with an error
(KPP — gNum) < 4101, Therefore, the numerical
findings allow us to suggest that the exact critical
coupling should take the form

K: = Amax + (Amax + 099Am) - 5? (4)

where ¢ is an unknown factor. Equation (@) shows
that the coupling factor K7} depends on the fre-
quency difference A = (Wmax — wWmin) [Chopra &
Spong, |2£)D_g} as well as the frequency difference
Ay = (W< — wims), in addition to an indetermi-
nate amount £. In order to have an exact expression
of K7}, the quantity & must be determined exactly
and it has to depend on both A« and A,,, in a
different way than the term ¢, [as shown in Eq. (3])]
and/or £ must depend on other additional parame-
ter(s) other than both A.x and A,
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We calculate the phase differences at KNum
as presented in Eq. (), where the state of full
phase locking is assured and the stability condi-
tions [Aeyels & Rogge, 12004; Mirollo & Strogat,
2005 are fulfilled. We always find that (fmax —
Omin)* ~ 7/2, and principally (fmax — Omin)* is in
the interval [1.527 : 1.551], where (Omax — Omin)
is of the order of 107°. In this situation, we find
SIn(Omax — Omin)* is in the interval [0.999 : 0.9997],
for all values of initial frequencies and in differ-
ent ranges of {Wmax, Wm>,Wm<,Wmin }; i.e. different
widths [Wmin : Wmax]. We demonstrate the behavior
of (Omax — Omin)™ at the inset plot of Fig. B at the
complete frequency synchronization, when we plot
SIN*(Omax — Omin) versus Apax/(Amax + 0.99A,,).
According to the results in the inset diagram of
Fig. Bl at K7, we are able to define the phase lock
condition, as it directly comes from the results in
the inset of Fig. [3 This phase lock condition is

(Hmax - emin)* = — (5)
which corresponds to the quantity Apax = (Wmax —
Wmin) > 0 at the moment the oscillators transit
to synchronization when the full phase locking is
maintained.

Equations (@) and () indicate that the quan-
tities Apmax and A,, control the value of K.
For the best approximation, we can consider
Sin* (@max — Omin) = 1. Thus, we depend on Eq. (2))
to rewrite the difference equations of A.x and
A,,, when the condition (H) is satisfied. The four
relations in Eq. (@) allow us to write the following
relations,

4Amax
K*

C

=+ Sin* (9m> — Hmax)

+ sin® (9m< — Hmax) — sin® (9m> — emin)

S (e — Opnin) — 2220 (6a)
and
42; + sin® (Omax — Om<)
+25in" (0> — Om<) + Sin" (Omin — Opm<)
—8in* (Omax — Om>) — sin™ (Omin — Om>) = 0.
(6b)

It should be pointed out that further improving
of Eq. (3) can be achieved to get closer values of

K* to the values K*N"™ but in terms of Apax and
A,, in addition to other quantities A’s. However,
we go to analytic investigation taking the oppor-
tunity that the numerical findings guide us to use
Egs. (@) and the equations containing Apax, A,
Wmax, Wmin, Wm> and wy,«. This is because the sys-
tem of four all-to-all coupled phase oscillators con-
tains six quantities of phase differences that allow to
apply trigonometric relations and identities in order
to do analytic work at K7.

4. Analytic Solution at a Full Stable
Phase Locking

Based on the outcomes of Egs. [B)—(d), we have
to use Eqgs. ([2) and the phase lock condition (),
in order to obtain an analytic formula for the
coupling constant at the occurrence of complete
frequency synchronization when the stable phase
locking solution is provided. Specifically, first we
focus on Egs. Zal), D) and (Ga) which include
the quantities wmax and wpin and Apax. Second,
we use relations (D)), @d) and (GL) which incor-
porate wps, wm< and A,,. These two steps are
necessary to find a mathematical equation which
can be solved leading to an analytic expression for
the coupling value K. Therefore, at the instant
of a complete frequency synchronization when a
total phase locking is satisfied, we rewrite Eqgs. (2a))

and (2h)) as

4
SIN* (B> — Omax) + SN (B — Oyay) = 1 — X
KC
and
in* in* _ 4Wmin
sin* (0> — Omin) + sin” (@< — Omin) = o 11,
Cc

where we employ the phase lock condition (fax —
Omin)* = 7/2 and hence for the best approxima-
tion sin*(Omax — Omin) = 1. Squaring both equations
above and adding them, taking into consideration
Eq. (6a)), we obtain

cos™ (Opm< — Om>)

_ —4K 7 Amax + 8(w12nax + wIQnin) 7
Then, at the moment the oscillators are in a full
phase locking state, we use Egs. (2h]) and 2d) and
writing them as

Sin® (0> — Omax) + cos™ (0> — Omax)

dwpm>
K3

= sin”* (9m< — 9m>)
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and

Sin* (Omin — Om<) + cos™ (Omin — Om<)

4wm<
K3

= sin® (9m< —

9m>) -

Squaring and taking the difference, concerning
Eqgs. (@) and (@]), we obtain

Sin* (9m< - 9m>)

Am(Kzz B 4K2Amax + 8( Yhmax + wmm))
KC(KZAIH&X - ( Whax + wmln))

(8)

From both Eqgs. (@) and (§), we arrive at the follow-

ing fourth order polynomial |

(M AmaxN —+ \/ P1 =+ P2

K*4 (Ar2nax

— A2) FAKP Apax (A2 + A2

max
- 2(wl?nax + wl?nin)) - S(K*Q( Wax + wmln))
(5A?nax + AQ - 2(w?nax + wIQnin))

+ 128 K5 A ppax (w2 2P

max —"_ wmll’l

- 128( max + wmln) = 0. (9)

In view of the estimated Eq. (@) and the suggested
Eq. @), we can write the accepted solution of ([@) to
give the correct expression for K in terms of both
Amax, Ay and € as

KZ - Arnax + (Amax + 099Am) - fa

where

=L —
¢ (87 — A7)
L =2A.x +0.99A,,,
M = A:rgnax - Amax(Agn - 4Wmauxwmin)7

N = \JOAL + AL — 10A2,A2

P = 6Amax - 4A371Afnax - 2Afr1nA?nax
and
- 32A3n max mln + 2(Afnax

Equation (I0) enables to calculate the exact val-
ues of the coupling factor K7 at the full phase
locking. Additionally, in Eq. ([I0), the term ¢ is
given exactly, which shows a dependency on A ax,
A,, in addition to quantities wmayx and wmin. Rela-
tion (I0) also allows to draw a diagram, similar to
the one displayed in Fig. [ that demonstrates how
the oscillators transit to complete synchronization
at a stable full phase locked state for any set of ini-
tial frequencies {Wmax, Wm>,Wm<,Wmin }- Also, this
Eq. (I0) will permit to verify exactly the values of
the coupling constant K} in comparison to their
numerically calculated data by integrating Eq. (@)
resulting in a small error between the exact and the
computed values of K*N'" Equation ([0) shows
that the coupling constant at the full phase lock
is a function K} = K}(Amax, Amin, Wmax, Wmin)-
However, before drawing a plot to validate for-
mula (I0), we must resolve the divergence problems
that appears in computing the term & due to the
presence of 1/(A2_— A2). In particular, Eq. (I0)

max

— AZ A2

mBmax T 24wmaxwmin(AmaX — A2 ) + 16w2, w?

max mln’

4 4
- 8Amwmaxwmin + 8Amaxwmaxwmin

2
m—max ~_ 4Am"‘)maxwmin)-

(10)

|
experiences a computational divergence in the range

—0.996Anax > A > —Apax, where the term &
is blown up. In order to overcome this divergence
problem in the term £, we study the solution of ()
with A,, in the range —0.996 A > Ay > —Apax.
As a consequence, the solution of (@), in this case,
leads to a valid expression of K which takes the
form

KZ = Amax + (Amax + 099Am) - f

— 2Amax
A2
14+4/2—
Afax
where
2Am X
€ = 2Anax + 0.99A,, — 2 (11)
14 4/2 Al
Afax
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100] © DataEq.(2)0 >4, >-0996A,,, R
9] ° DataEa.(2)-0996A,> A, > A, A_ﬁ
——Eq.(10) 0> A, >-0.996A, -
80T i Eq (1) 0.996 A, > Ay > Ay i
§ 70l
> 60
S
+é 50
< £ 40 ~
= 30 A,=-0.9964A,,
< 0] at (73.8404,74.3404)
10
04
NNt+—TT—T7 T 7T T T T T
-10 0 10 20 30 40 50 60 70 80 90 100 110
(Amax'a)/(Amax+0'99Am)
Fig. 4. The graph shows how the oscillators depart to the

synchronization at a full phase locking depending on the fre-
quency differences Amax and Ay, in addition to the fre-
quencies wmax and wpyi, according to Egs. () and ().
The data computed numerically are shown in the plot. The
ranges, where the relations (I0) and (1)) remain acceptable,
are marked in the plot.

Therefore, we use Eq. () to calculate K as soon
as we find a divergence of the term £ upon using
Eq. (), which includes 1/(A2,,. —A2), at a range
—0.996Anax > A > —Amnax

We use Egs. (I0) and () to draw the dia-
gram as seen in Fig. [ to illustrate the transition
to a full phase locking state where oscillators are
in synchronization, for any frequency differences
Anmax and A, as well as any frequencies wmax
and wpin. The diagram in Fig. [ shows a plot of
K% /(Amax + 0.99A,,) versus (Amax — €)/(Amax +
0.99A,,). Equation ([I0) is computationally valid in
the range 0 > A,, > —0.966A .« (solid black line),
while formula (II]) is applicable when —Aj . <
Ay, < —0.966A a5 (black dotted-line). It is clearly
indicated in Fig. [ that we find a complete agree-
ment between K (analytic) and KN (calcu-
lated numerically). The numerical data, obtained by
using Eq. [@) in the range 0 > A,,, > —O.966AmaX7|

m ax

Sin*(emax - emin) = 17

emax) -

Kz — 4wmax — (Kz + 4Wmin)\/

is shown as circles while those points computed in
the range Apax < Ay, < —0.966A.« are plot-
ted as triangles. Figure M displays the matching
between the numerically calculated data (circles
and triangles) and Eqs. (I0) and (II]), which are
represented by the solid black line and the black
dotted-line, respectively. We refer, in Fig. @, to the
point where the term ¢ diverges at the (73.8404,
74.3404) coordinates. In Fig. [ the zone above the
solid lines represents the complete frequency syn-
chronized states at a stable phase locking solution.
Equations (I0) and (III) together in the full range
of (Amax — &)/(Amax + 0.99A,,,) represent the bor-
der when the effective coupling passes (K > K7}),
the oscillators go to a stable state of complete phase
locking. When K < K7 the system is in an unsta-

ble state of a partial phase locking |[Aeyels & Roggd,
[291)4 Mirollo & Str antzj 12095

Expressions (I0) and () explain the suitabil-
ity of the numerical approach that leads to find
Egs. @) and ({#). However, formulas (I0) and (II])
allow to obtain exactly the term £ that gives the cor-
rect K instead of the terms ¢, and the unknown
factor ¢ in Egs. (@) and (), respectively. Hence-
forward, relations (I0) and () give the closest
match between the analytically calculated K7 and
the numerically computed KN"". We find an error
|K* — K.N"| is in a range [5 x 10~* : 10~°]. This
is because the system of four all-to-all coupled phase
oscillators contains six phase differences that allows
to apply trigonometric relations and identities in
order to do analytic work at K.

5. Phase Differences at a Full Stable
Phase Locking

At the moment the oscillators transit to a syn-
chronous state, the phase lock condition sin*(0yax —
Omin) = 1 takes place. Also, we know the correct
expressions for K. Therefore, we can calculate all
the phase differences at the moment the frequency
synchronization occurs. Consequently, at the cou-
pling value K7, we have the following relations

Kz2 + 4K Anax — S(A?nax + 2Wmaxwmin)
KZQ — 4K2Amax + S(A?nax + 2Wmaxwmin)

sin* (0, —

2K* ’
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A (K3 — 4K Apax + 8(

A?nax + 2wmaxwmin))

Sin*(9m< — 0m>) = —

9m<) =

sin* (emin -

K (K:Apax — 4(A2

max + 2wmaxwmin))

K+ dwmin — (K — 4wmax)\/

)

K*2 + 4K* Apax — 8(A2,. . + 2WmaxWmin)
KZQ — 4K Anax + 8(A12nax + 2wmaxwmin)

K} — dwpax + (K + 4wmin)\/

2K* ’

K2 + 4K Apax — 8(A2,,y + 2WmaxWmin)
Kz2 - 4KzAmaX + 8(A12nax + 2wmaxwmin)

sin*(Op< — Omax) =

and

- 9m>) =

K+ dwmin + (K — 4wmax)\/

2K*

K22 + 4K Apax — 8(A2 . 4 2WmaxWmin)
Kz2 - 4KzAmaX + 8(A12nax + 2wmaxwmin)

sin®* (emin

which can be used to calculate the phase differ-
ences at the effective coupling K. Particularly,
in order to use the relations in ([I2)), we substi-
tute K’ by either employing the relation (I0) in
the range 0 > A,, > —0.966A,x or we use for-
mula (II)) instead, which is applicable in the range
—Apax < Ay < —0.966Aax-

6. Discussion

Equations (I0) and (Il characterize the edge
between the stable state of complete phase lock-
ing and the unstable partial phase locking state.
Expressions ([I0) and (II)) give the values of the
coupling factor K7, for four nonidentical oscilla-
tors, in the neighborhood of, but less than, A ax
(K7 ~ Apax) for three cases where some oscilla-
tors have closed values of initial frequencies. The
first case results when the oscillators have values
of initial frequencies wmax ~ —Wmin, Wm> S Wmax
and W< 2 Wmin, Where A, < —Apax. The sec-
ond case happens as A,, ~ 0 and when the condi-
tions Wmax ~ —3wWmin and wWy,s ~ W< ~ Wiin are
maintained. The third case occurs when conditions
Wmin ~ —3Wmax and w;s ~ Wpe ~ Wpin are pre-
served and A, ~ 0. All previous three cases have
features of initial frequencies which are far from
being equal to the common frequency value which
the oscillators possess at synchronization. Addition-
ally, there is a final case, where Eqs. (I0) and (IT)
provide values for the coupling strength K7 which
approaches 2A . /(1 4+ v/2) ~ 0.8285A . when
the oscillators have the conditions A, close to zero,

2K* ’
(12)

Wmax ~ —Wmin and w;yms ~ —wp< ~ 0. This last
case is characterized by two initial frequencies being
far from the common frequency and two initial fre-
quencies very close to it.

These proceeding observations suggest that a
further study is needed for the situations of cou-
pled phase oscillators when the previously men-
tioned cases are noticed. Also, further studies are
required to investigate the special cases when some
oscillators have equal initial frequencies. Particu-
larly, the studies must show how the three cases of
initial frequencies far from the common frequency
value are different in comparison to the case of two
initial frequencies being close to the common fre-
quency value. They also must show how the oscilla-
tors are approaching synchronization in the cases:
(1) Wmax = —Wnin, Wm> = Wmax, Wm< = Wnin and
Ay = —Apax. (2) Ay = 0, Wnax = —3wmin and
Wm> = Wm< = Wmin- (3) A7’n = 07 Wmin = _3wmax
and Wp> = Wm< = Wmin- (4) Ap = 0, Wpax =
—Wmin and wp;,s = —wm< and, w,,> and w,, < are
starting to be close to zero or w,,~ = Wy« = 0.

Additional examinations have to be conducted
in general not only at K but also at K, > K > K,
in order to analyze how the oscillators arrive at
synchronization either at the incomplete phase lock
states or at the fully phase locking. The numeri-
cal examinations of system (2]) indicate clearly the
starting of synchronization at the critical coupling
K., which is close to the same as K when the oscil-
lators’ initial frequencies are far from the common
frequency value. On the other hand, the numerical
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investigations of system (2)) at critical coupling,
when some initial frequencies are close to the com-
mon frequency value, show that K. < K. The dif-
ference between K. and K starts to increase as
middle frequencies become closer to the common
frequency. The maximum difference between K.
and K7 approaches 0.059 in the case of conditions
A, close to zero, Wmax ~ —Wmin and wys ~ —Wy<.
The availability of the expressions ([[0) and (II)
valid for calculating K will help to obtain a for-
mula for calculating the values of the critical cou-
pling K., where synchronization starts. Also, the
detailed stability analysis have to be carried out for
all values of K > K > K. and in different ranges
of Apax for different sets of {wmax, Wm>» W<, Wmin }
including the special cases of some frequencies being
equal.

The study of the individual oscillators at K
and K., considering their phase differences, will
help to recognize the dynamics when the oscillators
start to fall into synchronization. This study has
to be carried out knowing relations (I2) that allow
examining the phase differences at K and compar-
ing these examinations with the numerical results
of the phase differences at K.. This will help to
understand more about the difference between the
complete phase locking and partially phase locking
states for the four coupled all-to-all oscillators, espe-
cially when the difference between K and K, starts
to be noticeable. Also, the analysis of the phase
shifts between phase differences at K, and that at
K. will help to grasp synchronization procedures.
Furthermore, in future works we will explore fur-
ther recognition of the behavior of the four-coupled
phase oscillators and we will obtain an expression
for K..

7. Conclusion

We have studied a system of four globally cou-
pled phase oscillators within the Kuramoto model
at the transition to synchronization for a fully
phase locking. The numerical study helps to dis-
tinguish the main frequency differences that rule
the coupling strength K. Also, the numerical cal-
culations help to obtain the approximate expres-
sion ([B) which allows us to calculate the values of
K} that have a small fluctuation around the accu-
rate value of the coupling factor at the complete
phase locked states. Then we are able to identify
the phase lock condition, where the phase difference

(Omax — Omin)* ~ 7/2 at the full phase locking state
corresponds to the maximum frequency difference
Amax. This phase lock condition allows us to use
the proper equations to express the time evolution
of phases and the time evolutions of the phase dif-
ferences to obtain a fourth order polynomial of the
critical coupling. Therefore, we are able to find a
valid solution, for the given fourth order polyno-
mial (@), to obtain mathematical expressions for
the effective coupling K. where the correct expres-
sions (I0) and (II), for the coupling constant at a
full phase locking, show dependencies on the initial
frequencies of the four oscillators. In Eq. (I2]) we
obtain explicit relations for the phase differences,
when the phase lock condition occurs at the transi-
tion to a stable phase locking.

The results found here will help to obtain solu-
tions, at synchronous states, for a small number of
globally coupled phase oscillators, where the num-
ber of oscillators is too small to use mean field calcu-
lations. Having more understanding of the dynamics
of a few coupled phase oscillators will help to realize
synchronization mechanisms, at the full phase lock
states, for a finite, but small, number of oscillators.
Thus, for a small number of globally coupled oscil-
lators, the numerical approach that leads to Eq. (@)
can be used to estimate solutions in cases where
we encounter difficulties to obtain an analytic solu-
tion. The numerical computations and simulations
in this case facilitate obtaining solutions because
the number of phase difference quantities increases
rapidly as the number of oscillators increases. This
will introduce difficulties in utilizing trigonometric
identities in order to have analytic solutions. Also,
the numerical work will help in the study of phase
differences as well as the shifts between the phase
differences that may lead to relations that link some
phase differences to some quantities of frequency
differences. Thus, the determination of the coupling
factor for four all-to-all Kuramoto oscillators at a
full phase locking will help to obtain a formula
for the critical coupling K. at which the oscilla-
tors start to synchronize but having an unstable
phase lock. Furthermore, the realization of stable
synchronization procedures of four-coupled oscilla-
tors will help, in case of a few oscillators, to under-
stand how these oscillators fall into synchronous
states when they have initial frequencies far from
or close to the mean frequency value. Moreover,
being familiar with the mechanisms of synchro-
nization, at a complete phase lock, of four-coupled
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phase oscillators will help to realize the synchro-
nization features and stability investigations for a
larger number than four not only for the globally
coupled systems of oscillators but also for systems of
nearest neighbors coupled oscillators in a ring either
in cases of bidirectional coupling or in situations of
unidirectional coupling. The frequency synchroniza-
tion mechanisms for a limited number of oscillators,
might strengthen the construction of systems which
function in various applications [Kreinberg et all,

2019: DeTal et al., - Blanter & Shnirman, 2020;
[Frolov et all, 2020].

Acknowledgment

H. A. Cerdeira thanks ICTP-SAIFR and FAPESP
Grant 2016,/01343-7 for partial support.

References

Aeyels, D. & Rogge, J. A. [2004] “Existence of partial
entrainment and stability of phase locking behavior of
coupled oscillators,” Progr. Theoret. Phys. 112, 921—
942.

Blanter, E. & Shnirman, M. [2020] “Inverse problem in
the Kuramoto model with a phase lag: Application to
the sun,” Int. J. Bifurcation and Chaos 30, 2050165-
1-15.

Boccaletti, S., Pisarchik, A. N., Del Genio, C. 1. &
Amann, A. [2018] Synchronization: From Coupled
Systems to Complex Networks (Cambridge Univ.
Press., Cambridge, UK).

Chhea, K., Ron, D. & Lee J.-R. [2020] “Application
of Kuramoto model to transmission power control in
wireless body area networks,” IEEE Access 8,213531—
213540.

Chopra, N. & Spong, M. W. [2009] “On exponential syn-
chronization of Kuramoto oscillators,” IEEE Trans.
Autom. Contr. 54, 353-357.

Csaba, G. & Porod, W. [2020] “Coupled oscillators for
computing: A review and perspective,” Appl. Phys.
Rev. 7, 011302-1-19.

DeTal, N., Taheri, H. & Wiesenfeld, K. [2019] “Synchro-
nization behavior in a ternary phase model,” Chaos
29, 063115-1-7.

El-Nashar, H. F. [2016] “Exact solution at a transition
to frequency synchronization of three coupled phase
oscillators,” Can. J. Phys. 94, 808-813.

El-Nashar, H. F. [2017] “Conditions and linear stability
analysis at the transition to synchronization of three
coupled phase oscillators in a ring,” Int. J. Bifurcation
and Chaos 27, 1750095-1-15.

Fernandez, S. L. & Porras, D. [2021] “Dissipative Joseph-
son effect in coupled nanolasers,” New J. Phys. 23,
033010-1-21.

Frolov, N., Maksimenko, V. & Ghosh, D. [2020] “Route
to coherence in a frequency-heterogeneous Kuramoto
network,” Fourth Scientific School on Dynamics of
Complex Networks and Their Application in Intellec-
tual Robotics (DCNAIR) (Innopolis, Russia), pp. 82—
84.

Gourary, M. M. & Rusakov, S. G. [2020] “Kuramoto
model for oscillators with fractional frequencies ratios
in circuit analysis application,” IEEE FEast-West
Design and Test Symp. (EWDTS) (Varna, Bulgaria),
pp. 88-91.

Guo, Y., Zhang, D., Li, Z., Wang, Q. & Yu, D. [2021]
“Overviews on the applications of the Kuramoto
model in modern power system analysis,” Electr. Pow.
Energ. Syst. 129, 106804-1-11.

Heggli, O. A., Cabral, J., Konvalinka, I., Vuust, P. &
Kringelbach, M. L. [2019] “A Kuramoto model of self-
other integration across interpersonal synchronization
strategies,” PLOS Comput. Biol. 16, 1-17.

Huang, K. & Zadeh, M. H. [2020] “Detection and sensing
using coupled oscillatory systems at the synchroniza-
tion edge,” IEEE Sensors J. 20, 12992—-12998.

Jang, J. K., Ji, X., Joshi, C., Okawachi, Y., Lipson, M. &
Gaeta, A. L. [2019] “Observation of Arnold tongues
in coupled soliton Kerr frequency combs,” Phys. Reuv.
Lett. 123, 153901-1-7.

Kreinberg, S., Porte, X., Schicke, D., Lingnau, B.,
Schneider, C., Hofling, S., Kanter, 1., Liidge, K. &
Reitzenstein, S. [2019] “Mutual coupling and synchro-
nization of optically coupled quantum-dot micropillar
lasers at ultra-low light levels,” Nature Commun. 10,
1539-1-11.

Latifpour, M. H. & Miri, M. A. [2020] “Mapping the XY
Hamiltonian onto a network of coupled lasers,” Phys.
Rev. Res. 2, 043335-1-7.

Maistrenko, Yu., Popovych, O., Burylko, O. & Tass,
P. A. [2004] “Mechanism of desynchronization in the
finite-dimensional Kuramoto model,” Phys. Rev. Lett.
93, 084102-14.

Maistrenko, Yu., Burylko, O. & Tass, P. A. [2005]
“Chaotic attractor in the Kuramoto model,” Int. J.
Bifurcation and Chaos 15, 3457-3466.

Mirollo, R. E. & Strogatz, S. H. [2005] “The spectrum of
the locked state for the Kuramoto model of coupled
oscillators,” Physica D 205, 249-266.

Scholes, G. D. [2020] “Limits of exciton delocalization in
molecular aggregates,” Farad. Discuss. 221, 143265—
143280.

Strogatz, S. [2018] Nonlinear Dynamics and Chaos
with Applications to Physics, Biology, Chemistry, and
Engineering, 2nd edition (CRC Press, NY, USA).

Taheri, H., Del’Haye, P., Eftekhar, A. A.; Wiesenfeld,
K. & Adibi, A. [2017] “Self-synchronization phenom-
ena in the Lugiato—Lefever equation,” Phys. Rev. A
96, 013828-1-9.

2350005-12



Ezact Solution of Four-Coupled Nonidentical Kuramoto Oscillators

Thiem, T. N., Kooshkbaghi, M., Bertalan, T., Laing,
C. R. & Kevrekidis, I. G. [2020] “Emergent spaces for
coupled oscillators,” Front. Comput. Neurosci. 14, 36-
1-19.

Velasco, V. & Neto, M. B. S. [2021] “Unconventional
superconductivity as a quantum Kuramoto synchro-
nization problem in random elasto-nuclear oscillator
networks,” J. Phys. Commun. 5, 015003-1-14.

Wiesenfeld, K. [2020] “Synchronization in disordered
superconducting arrays,” J. Phys. A: Math. Theor.
53, 064002-1-19.

Witthaut, D., Wimberger, S., Burioni, R. & Timme, M.
[2017] “Classical synchronization indicates persistent
entanglement in isolated quantum systems,” Nature
Commun. 8, 14829-1-7.

Wu, J. & Li, X. [2020] “Collective synchronization of
Kuramoto-oscillator networks,” IEEE Circuits Syst.
Mag. 20, 46-67.

Yang, L. X. & Liu, X. J. [2020] “Nonlinear dynamics and
control,” Proc. First Int. Nonlinear Dynamics Conf.
(NODYCON 2019), pp. 295-303.

Yap, R. M. S., Ogawa, K., Hirobe, Y., Nagashima,
T., Seki, M., Nakayama, M., Ichiryu, K. & Miyake,
Y. [2019] “Gait-assist wearable robot using interac-
tive rhythmic stimulation to the upper limbs,” Front.
Robot. AI 6:25, 1-11.

Young-Pil, C. & Zhuchun, L. [2019] “Synchronization of
nonuniform Kuramoto oscillators for power grids with
general connectivity and dampings,” Nonlinearity 32,
559-583.

2350005-13



	1 Introduction
	2 Frequency Synchronization Trees
	3 Oscillators at a Full Stable Phase Locking
	4 Analytic Solution at a Full Stable Phase Locking
	5 Phase Differences at a Full Stable Phase Locking
	6 Discussion
	7 Conclusion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


